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Most conventional SFS (shape from shading) algorithms have
been developed under the assumption of orthographic projection.
However, the assumption is not valid when an object is not far
away from the camera and, therefore, it causes severe reconstruc-
tion error in many real applications. In this research, we develop a
new iterative algorithm for recovering surface heights from shaded
images obtained with perspective projection. By dividing an image
into a set of nonoverlapping triangular domains and approximating
a smooth surface by the union of triangular surface patches, we
can relate image brightness in the image plane directly to surface
nodal heights in the world space via a linearized reflectance map
based on the perspective projection model. To determine the sur-
face height, we consider the minimization of a cost functional
defined to be the sum of squares of the brightness error by solving
a system of equations parameterized by nodal heights. Further-
more, we apply a successive linearization scheme in which the
linearization of the reflectance map is performed with respect to
surface nodal heights obtained from the previous iteration so that
the approximation error of the reflectance map is reduced and
accuracy of the reconstructed surface is improved iteratively. The
proposed method reconstructs surface heights directly and does
not require any additional integrability constraint. Simulation re-
sults for synthetic and real images are demonstrated to show the
performance and efficiency of our new method. «© 1994 Academic

Press, Inc.

1. INTRODUCTION

Recovering explicit geometric information of 3D ob-
jects from 2D projected images has been important for
many computer vision problems. It supplies a great deal
of useful information for both basic and higher level vision
tasks. Among various available depth cues, shading often
provides reliable dense depth information of an underlying
smooth object. Since initiated by Horn [7, 8], the shape
from shading (SFS) problem has received a lot of atten-
tion. Among many significant developments made in this
area, we want to point out the following: characteristic
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strip expansion [7, 8}, variational approach [5, 10, 11, 15,
18, 30-32, 39], Fourier transform approach [26], direct
height recovery [10, 17, 19, 35], optimal control approach
[4], photometric stereo [3, 13, 16, 21, 23, 27, 29, 33,
36-38], etc. For a thorough review for work before 1990,
we refer to [12, 10]. More recent work includes [1, 2, 4,
16, 17, 19, 21, 22].

The modeling of the image formation process, which
defines a transformation between surface shape and pro-
jected image intensity, is crucial for the SFS problem. The
image formation process depends mainly on the projection
model, the surface reflectance property, surface orienta-
tions, and the lighting condition. A projection model de-
fines the geometric relationship between a surface point
and the projected point on image plane. Two commonly
used projection models are perspective and orthographic
projections [9]. By perspective projection, we mean an
ideal image forming model which works like a pin hole
camera that forces the light rays to go through one single
point, and thus the position of a projected point on the
image plane is dependent on both the depth and position
of a surface point in the world space as well as the focal
length of the camera. If the size of the objects in view
is small compared to the viewing distance, perspective
projection can be approximated as orthographic projec-
tion in which all rays are parallel to the optical axis, and
the position of a projected point is independent of the
depth of a surface point. Most conventional SFS algo-
rithms assume orthographic projection to simplify the
analysis. However, objects are often not located very far
away from the camera in many real applications so that
orthographic projection is not appropriate and distortions
of reconstructed surfaces occur. To make the SFS algo-
rithm practically useful, one may have to adopt the more
general perspective projection model.

Few attempts have so far been made to solve the SFS
problem under the perspective projection assumption.
Penna [24, 25] proposed a local SFS algorithm applicable
to a single image of a smooth object or an opague polyhe-
dron with perspective projection. He derived a system of
algebraic equations from the image irradiance equation,
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which describes the local surface geometry of an object,
and solved it by using the Newton method. However, no
experimental result with real images was reported in [24,
25]. According to our experience, local SFS algorithms
in general suffer from noise and are therefore not very
useful when applied to real images. In this paper, we
present a new iterative SFS algorithm by using images
under perspective projection. Our algorithm is robust,
fast, and insensitive to noise, since it is based on the
global minimization approach. Given one reference nodal
height, it determines the absolute surface height directly
by discretizing and solving the minimization problem. No
integrability problem arises in our formulation. More re-
cently, methods of combining shading and geometric
stereo information for the SFS problem were proposed
[14, 17,20, 28]. However, since orthographic and perspec-
tive projections are assumed, respectively, for SFS and
stereopsis, there exists an obvious inconsistency in their
work. In contrast, imposing stereo data information in our
new perspective SFS algorithm is natural and consistent,
since the same perspective projection imaging model is
used for both SFS and stereopsis.

The basic idea of our approach is based on a triangular
element surface model and a linearized reflectance map.
The projected image is divided into a set of nonoverlap-
ping triangular domains with homogeneous brightness in
each triangle. The surface normal of each triangular patch
can be represented by its three nodal vectors in the world
space. By using the perspective relationship between the
projected and true surface nodal points, one can establish
a linear relationship between image intensity and the sur-
face nodal heights via the image irradiance equation with
a linearized reflectance map. To determine the nodal
heights, we minimize a global cost functional defined to
be the sum of squared brightness error over each projected
triangular image domain. The minimization problem is
equivalent to solving a linear system of algebraic equa-
tions parameterized by the nodal heights, and thus can
be efficiently solved by MG (multi-grid) or PCG (precondi-
tioned conjugate gradient) algorithms. To minimize the
approximation error of the linearized reflectance map, we
employ a successive linearization scheme in which nodal
heights obtained from the previous iteration are used as
reference points for linearization at the current iteration.

This paper is organized as follows. In Section 2, we
discuss models of projection, reflectance map and triangu-
lar element surface approximation. The perspective SFS
problem is formulated as a finite dimensional optimization
problem which minimizes a quadratic cost functional con-
sisting of squares of brightness error, and the construction
of stiffness matrix and load vector is examined in Section
3. The formulation is generalized to incorporate multiple
photometric stereo images in Section 4. Experimental re-
sults on several synthetic and real images are given in
Section 5.
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2. DISCUSSION ON THE MODEL

Similar to most other SFS work, the mate object surface
and a distant single light source are assumed in this work.
Distinctive features of our model such as the reflectance
map with perspective projection and the triangular ele-
ment surface approximation will be examined in detail in
this section.

2.1

A projection mode] defines a relationship between
points in the 3D space and their corresponding pixels in
a 2D picture. The perspective projection imaging model
provides a natural first-order approximation to image for-
mation process, in which all rays pass through a fixed
point, called the center of projection or the view point.
Consider a viewer-centered Cartesian coordinate system
with the origin at the center of projection and the - Z-
axis aligned with the optical axis as depicted in Fig. 1.
Let the x- and y-axes of the image plane be parallel to
the X- and Y-axes and the focal length, the distance be-
tween the origin and the image plane, be f. Then, a surface
point P = (X, Y, Z)T is transformed to a projected image
point p = (x, y, —f)7 via the perspective relationship

Reflectance Map with Perspective Projection

X Y
A y__f_

7 2.1

x=-f

which relates the image coordinates (x, y) to the world
coordinates (X, Y, Z) of a point with a given focal length
f. Orthogonal projection can be viewed as a special case
of the perspective projection model when an object is far
away from the viewer. That is, if the depth range of an
object is quite small compared with the average distance
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Y

FIG. 1. Perspective projection.
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from the viewer to the object, we have the approxima-
tions,

x=mX, y=mY, (2.2)
where m = —f/Z, and Z; is the average depth value of
Z. Since m is positive constant, one may rescale the image
coordinate in a way such that x = X and y = Y for
convenience. Thus, by orthographic projection, one as-
sumes all rays are perpendicular to the image plane and
parallel to optical axis as shown in Fig. 2.

Note that under orthographic projection, the spatial
relationship between image points (x, y) is preserved in
the world plane but not under a perspective projection
since the relationship is distorted by Z at each point by
(2.1). Since one has to determine three dependent vari-
ables (X, Y, Z) for given image point {x, y) with perspec-
tive projection, but only the variable Z with orthographic
projection, the perspective SFS problem is more difficult
than the orthographic SFS problem.

With perspective projection, an image intensity E(x, y)
at point (x, y) on the image plane is formed through the
image irradiance equation,

E(x,y) = E(X, Y, Z) = R(p(X, ), q(X, Y)), (2.3)
where R is the reflectance map function, p(X, Y) = 0Z(X,
Y)/3X and g(X, Y) = dZ(X, Y)/aY. If we assume ideal
Lambertian surface illuminated by a single distant point
light source, the reflectance map can be written as

7)-*“—&‘—, K=0,
Rpa)=93 Vi+p+g (2.4)
0, K <0,
where
K = —pcostsinog — gsintsino + cos o,

and where 7 is the composite albedo of the surface, r and
o are the tilt and slant angles of the illumination direction
pointing toward the light source. This is typically a nonlin-
ear function depending on the surface gradient p(X, Y)
and g(X, Y).

2.2.

A triangular element surface model has been recently
proposed and applied successfully to the SFS problem
with orthographic projection {19, 21}. By the model, we
approximate a smooth surface with a union of finite trian-
gular surface patches so that the orientation (surface nor-
mal) of each triangular patch can be uniquely determined
by its three vertices vectors. Projection of triangular sur-
face patches with nodal points through the perspective law

Triangular Element Surface Approximation

LEE AND KUO

® (x,%.0)
Y

FIG. 2. Orthogonal projection.

(2.1) produces corresponding triangles and nodal points in
the image plane. We assume that the image intensity
within each triangular image domain is homogeneous and
equal to that generated by the corresponding triangular
surface patch so that a direct relationship between image
intensity and surface nodal heights can be established via
the image irradiance equation (2.3).

3. FORMULATION OF PERSPECTIVE SFS

3.1

For a smooth and non-occluded object surface, there
exists a one-to-one correspondence between triangular
patches on a surface and triangles in the image plane.
They are denoted respectively by S;and 7,, i = 1,2, . . .,
M,, where M, is the total number of triangles. Similarly,
nodal points on a surface and the corresponding projected
points in the image plane are denoted by P, and p;, i =
1,2,..., M,, respectively, where M, is the total number
of nodal points. Consider a small triangular surface patch
S, and projected triangle 7, on image plane as shown in
Fig. 3.

Let V, be the index set of vertices points of T, or §,.
Then, from Fig. 3, we have

Image Formation on a Triangular Surface Patch

Vk = {i,j, I}.

The image intensity E; over T, is determined by

E, = R{ps, q)

COsSOo — p,cosTSing — g, sintsino
=q & , 3.1

V(1 + pi + qd)
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where (p,, q,) is the gradient of S,. The surface normal n; of the triangular surface patch S, can be determined with
its three nodal vectors P;, P;, and P, by

(P -P)x (P -P)

= (3.2)
MRS P) X (B, - P
X=X, Y -Y,.Z-Z)x (X~ X, Y, - Y,Z - Z)
_’(/Yj - X,-, Y; - Y,ij - Z,) X (X[ - Xis YI - Yi’Zl - Zl)'
By using (2.1), we can rewrite (3.2) as
. ((VfNxZ; — 5;2), VY2 — y,L), Z; — Z) X (VN2 — xZ), UKy, Z, — v,Z), Z, — Z)
. ‘((”f)(xizi - szj)v (LUfNy.Z; — yjzj)a Zj - Z) X (UfXx,Z; — x,Z), (”f)()’izi - yl).Z, - Zi)| )
Besides, the surface normal n, is related to the gradient (p,, q,) via
_ _ T
nk - ( P/\-, :7/\», l)‘, .
V1 + pi + q;
Then, it is straightforward to verify that
oy By
C = T gy =, 3.3a
Py » K3 (3.3a)

where
o = flly; = ¥WZZ; + (v — YIZZ, + (y; — y)Z;Z}},
By = fx; — x)ZZ; + (x; — x)ZZ, + (x; — x)ZZ}, (3.3b)
Yo = XY, = X¥VLZ+ (y; — xy)ZZ, + (x;y; — x\y)ZZ,.

Since the image points (x;, ), (x;, ), and (x,, y) are height variables Z;, Z, and Z,. By substituting (3.3a) and
known, a;, 8;, and vy, are functions of only three nodal (3.3b) into (3.1), we obtain a nonlinear reflectance map
function with variables Z;, Z;, and Z,,

Rk(Zia Zj» ZI) =
Y €08 o — oy COSTSing — B, sin7sino

! (oF + B+ 7D G4

Local linear approximation of the reflectance map can
be achieved by taking Taylor series expansion of R, (Z;,
Z;, Z)) about a reference nodal height (27, Z}, Z) through
the first-order term,

RAZ.Z,Z)~R(Z" 2", Z%

(Z - 20 OR(Z:.Z;, Z)
9Z; (20.20.29)

0R(Z;,Z;,Z) (3.95)

oz,

J 20.20.29)

+(Z, - Z))

oR(Z,,Z,,Z)
_ 0} K\Li> Lajy £
+ (ZI Z} GZ,

FIG. 3. Image formation on a triangular surface patch. (Z?,ZJO,Z?)
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Thus, we can express the brightness E; over T, as a linear
combination of the surface nodal heights Z,, i = 1, . . .,
M, ie.,

Mn
= oy, + & (3.6)
m=1
where
Wy = 3.7
9RUZ:. 2. Z) . fmEV, = {ij, ol T,,
Zy, zl.z).zh
0, otherwise,
and
&= RUZ., Z) 2 Doy (3.8)

3.2. Perspective SFS with a Single Image

Our objective is to determine the surface height Z;,
i =1...,M, Thiscanbe achieved by minimizing a cost
functional defined as

Z (EL Ek)zi

E = 2 E, = (3.9)

where E, denotes the cost term corresponding to the kth
triangular domain, and E, and E, are the observed and
reconstructed image intensities over the kth triangular
domain, respectively. By substituting (3.6) into (3.9), we

have
Mt Mn
E= [Ek - <2 (")kam + §k>]2
k=1 m=1
Mt [ Mn Mn
[Z 2 wwliZ; —
k=1 Li=1j=1

Mn
- &) Zl w,Z; + (E, - fk){l

Mn Mn [ M Ma [ M
Z Z (2 g} wkx“)ki>ZiZj - Zl [2’;1 (E; — fk)wki]z
M
+ kZ, (E, — fk)z
— WAz b2+, 2=(Z,Z,. .. 2] (3.10)

The elements a;; and b; of the stiffness matrix A and the
load vector b can be determined, respectively, as

LEE AND KUO

M1 Mt
a;; = 2; s b= 2; (E, —
(=1 =1

£Dwy,

I<ij=<M, @3.11)
Thus, by minimizing the above quadratic functional, one
can determine the nodal height z and this can be done by
solving the equivalent linear system of equations,
Az = b. (3.12)
Note that the element of the A, a;; = 0, if i and j are
not the neighboring nodal points, since in that case no
triangle has both nodal points i and j as its vertices and
thus either wy; and w,; is zero. Suppose that node i has six
neighboring nodal points j,, . . ., js and the six triangular
domains surrounding it, 7y, . . ., 7, as shown in Fig. 4(a).
Then, we can represent the stiffness matrix using a seven-
point stencil operator form as illustrated in Fig. 4(b). The
nonzero elements of stiffness matrix A and load vector
b associated with node i are determined in terms of the
coefficients w’s in (3.7) and brightness E,, . . ., E,, and
they are summarized in Table 1.

3.3. Special Case: Orthographic Projection

It is clear that the orthographic SFS problem is a special
case of the perspective SFS problem so that the frame-
work developed above applies to both orthographic and
perspective projected images. Under the orthographic

projection assumption and by using (2.2) withm = 1, one
can approximate the surface normai n, by
n, = (3.13)
(X=X Y, =V £, ~ L)X () = X, Y =Y £, — Z)
\(xj Xis ¥i — yl’Z) ZI)X(XI 'xi’yl—yi’Z’—Z")"
Then, the gradient {p;, g,) become
by B,
po=Sk qo=b (3.14a)
Y Yk
TABLE 1
Elements of Stiffness Matrix A and Load Vector b
a;; 2(0)3,» + wﬁ- + w,z,,i + w:’"— + a);‘;,- + wﬁ,-)
i, 2(mp,m‘,,jl + @)
iy, 2wy, Wi, T oy,
a;‘,»x 2(0)[,0)& + o, (0,,”3)
a‘.J.; 2((0,,,,(0,% + wywy)
iy, Hopwy, + w0y)
an‘j;‘ 2(‘”01“’01 + w;uw )
b; 2(E — &y + (B — &ay + (Ep = Emdop,

+(En - §n)wni + (E gu)wm + (E - gp)wpi)
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FIG. 4.

where

op = (y; = ¥)Z; + (yi = ¥)Z; + (¥ = ¥)Z;,
Bi=(x, — x)Z; + (x;, — x)Z, + (x; — x)Z,,

Yo = 5y — xy) + (xy; — xy) + (qy; — xy). (3.14b)
Note here that the surface gradients p, and g, derived
with orthographic projection are linear functions of Z,,
Z;, and Z,, whereas they are nonlinear functions with
perspective projection as shown in (3.3). Similarly, we
can express the reflectance map as a function of variables
Z;,Z;, and Z, by substituting (3.14a) and (3.14b) into (3.1),
ie.,

R(Z,.2,,Z) = i
Y COs o — &, cosTsino — B sinTsino
(& + Bi + )" '

(3.15)

By taking linear approximation of this reflectance map
about a certain reference nodal heights, the same shape
reconstruction procedure as described in Section 3.2
follows.

4. PERSPECTIVE SFS WITH PHOTOMETRIC
STEREO IMAGES

We use the same framework to solve a related problem
which is more robust and practically important. That is,
surface reconstruction from multiple perspective photo-
metric stereo images taken under different lighting condi-
tions with the camera position fixed. Let us consider a
new cost functional which is the sum of squared brightness
error associated with each image. Suppose we have J
different photometric images, then the cost functional to
be minimized is
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(a) An example of a node configuration associated with node /; (b) corresponding seven-point stencil operator.
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J
My J ) Mn ) 2
=> |:EJA - (Z @l + 64»)] 4.1
=|j=1 m=1

k=1j

= 12TAz — bz + ¢,

where the overall stiffness matrix A, the load vector b,
and ¢ are the sum of each individual stiffness matrix A;,
the load vector b;, and c¢;, respectively, i.e.,

3 J 3 J J
A=A, b=3b, ¢=2c,
: : “

and the individual stiffness matrix and load vector can be
computed by (3.11). The minimization of the quadratic
functional (4.1) leads to the solution of the system of
equations

Simple analysis and observation shows that two photo-
metric stereo images taken under illumination directions
for which the tilt angles are orthogonal to each other give
the best results. They also make the algorithm stable and
its convergence fast [21].

Note that since an approximation error may result from
the linear approximation of a reflectance map, the recon-
structed surface height may not be accurate. The approxi-
mation error of a reflectance map depends primarily on
the choice of the reference surface nodal height values
2% i=1,..., M, A successive linearization scheme
has been developed and successfully applied in our previ-
ous work for the orthogonal SFS problem [19, 21] to
reduce the linear approximation error of the reflectance
map. In this scheme, the surface gradients for each trian-
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Initialize k <--0,
Zy < Zyeg,

construct A% and b°

Il

‘ solve XO"D =b° ‘i

L k <-- k+1 _]
Y

2 <21,

construct A and b¥

v

L solve Kk;k = Bk

FIG. 5. Proposed perspective SFS algorithm.

gular patch determined from the previous iteration were
used as the reference gradient points for the linearization
of the reflectance map at the current iteration. The same
scheme can be used for our perspective SFS algorithm.
The only difference is that, since in the perspective SFS
algorithm, the linearization is performed with respect to
nodal heights Z, directly while it is performed with respect
to surface gradients (p, ¢) in an orthogonal SFS algorithm,
explicit surface gradient (p, g) information is not needed
in this case. Figure 5 shows the flow chart of a perspective
SFS algorithm with the successive linearization scheme.

Under perspective projection, even for finely and regu-
larly sampled nodal points on an image, the corresponding
surface nodal points in the world plane may become
sparse and irregular due to the depth effect (see (2.1)).
As a result, we often obtain a smaller number of irregular
surface height data points with respect to the actual size
of the object. One way to increase the resolution of the
final result is to perform surface interpolation using the
sparse data points, which has been well studied in the
context of surface reconstruction from sampled data {6,
34, 31].

LEE AND KUO

5. EXPERIMENTAL RESULTS

We have tested the proposed SFS algorithm on several
synthetic and real perspective photometric stereo images.
For all test images, we perform the triangulation using
the finest grid points so that all nodal points coincide with
image points. We assume that the height of one surface
nodal point (the ground point, say Z, = Z_,) is known
and fixed all the time. Weset Z0) = Z ., i = 1,.. .. M,
at the first iteration. For the following iterations, the lin-
earization of the reflectance map is performed with re-
spect to the surface nodal height obtained from the previ-
ous iteration. We present reconstructed results based on
a single image and a couple of photometric stereo images
generated by light sources with orthogonal tilt angies for
all the test problems. Similar to the results given in [21]
with orthogonal projection, the single image case gives a
much less accurate results. To display a finer and
smoother reconstructed surface, interpolation based on
the determined finite sparse surface nodal height data has
been performed.

TEST PROBLEM | (Modified sombrero). The test object
is a modified sombrero surface. A portion of its ground
truth with 128 x 128 surface points is shown in Fig. 6(a).
We set the focal length of the camera f and the reference
height Z ; to be 150 and — 300, respectively. Figures 6(b)
and (c) illustrate two 64 X 64 photometric stereo images
generated with perspective projection and illuminated by
a distant light source from (7, o) = (45°, 45°) and (135°,
45°), respectively. Note that the two light sources have
tilt angles which are orthogonal to each other. Figures
7(a) and (b) show the reconstructed surfaces from the
single perspective image shown in Fig. 7(b) and the com-
bined photometric stereo images, respectively.

TEST PROBLEM 2 (Mozart). The test images are syn-
thesized from the 256 X 256 Mozart statue height data
obtained from the range data. We set the focal length of
the camera f and the reference height Z; to be 300 and
— 600, respectively. The original ground truth of the sur-
face and the two 128 x 128 shaded images with illumina-
tion directions (7, o) = (45°,45°) and (135°, 45°) are shown
in Figs. 8(a)-(c). Note that since the original surface has
discontinuities along the object boundaries and on several
points inside the object, the resulting images are not ideal
and have noises at the corresponding points. The recon-
structed surfaces from a single perspective image given
in Fig. 8(c) and from combined images are shown, respec-
tively, in Figs. 9 (a) and (b). We observe some reconstruc-
tion error along the discontinuous boundary even with
photometric stereo images.

TEST PROBLEM 3 (Agrippa). Two real perspective im-
ages are used for this test problem. The 128 X 128 test
images of Agrippa statue obtained by illuminating from
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b c

FIG. 6. The modified sombrero test problem: (a) the ground truth of the modified sombrero surface; and two synthetic images illuminated
with (b) (albedo, tilt, slant) = (250, 135°, 45°) and (¢) (albedo, tilt, slant) = (250, 45°, 45°).

FIG. 7. Results of the perspective SFS algorithms applied to the modified sombrero images: (a) the reconstructed surface from single image
in Fig. 6(c); (b) the reconstructed surface using the photometric stereo images.
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FIG. 8. The Mozart test problem: (a) the ground truth of the Mozart statue; and two synthetic images illuminated with (b) (albedo, tilt,

(250, 45°, 45°).

50, 135°, 45°) and (c) (albedo., tilt, slant)

2

(

slant)

. 8(c);

1g

F

image in

(a) the reconstructed surface from singie

Results of the perspective SFS algorithms applied to the Mozart images:

FIG. 9.
(b) the reconstructed surface using the photometric stereo images.
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a b

FIG. 10. The Agrippa test problem: two real images of the Agrippa
statue illuminated with (a) (albedo, tilt, slant) = (190, 135°, 50°); (b)
(albedo, tilt, slant) = (190, 45°, 45°).

directions (7, &) = (45°, 45° and (135°, 50°) are shown
in Figs. 10(a) and (b), respectively. We assumed the focal
length of the camera f and the reference height Z_; to be
300 and —600. Figures 11(a) and (b) show the recon-
structed surface from the single image given in Fig. 10(b)
and from photometric stereo images, respectively.

6. CONCLUSION

We have proposed a new algorithm for recovering shape
from shaded images under perspective projection. Our
algorithm is based on a triangular element surface approxi-
mation and a linearized reflectance map around a certain
nodal height value. We relate image intensity of a triangle
to the surface nodal heights via an image irradiance equa-
tion, and we determine surface nodal heights by minimiz-
ing the cost functional consisting of the sum of brightness
error associated with each triangle. It recovers surface
heights directly instead of surface orientations. No addi-
tional integrability constraint is required, and no boundary
conditions and smoothness constraints are employed. The
recovery algorithm refines the reconstructed surface itera-
tively by successive linearization scheme, in which the
linearization is performed based on updated surface nodal
heights obtained from the previous iteration. We have
included several experimental results including both syn-
thetic and real perspective images to demonstrate the
performance of the proposed algorithm.
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