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SIGNAL EXTRAPOLATION IN WAVELET SUBSPACES*
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Abstract. The Papoulis—Gerchberg (PG) algorithm is well known for band-limited signal extrapolation. The
authors consider the generalization of the PG algorithm to signals in the wavelet subspaces in this research. The
uniqueness of the extrapolation for continuous-time signals is examined, and sufficient conditions on signals and
wavelet bases for the generalized PG (GPG) algorithm to converge are given. A discrete GPG algorithm is proposed
for discrete-time signal extrapolation, and its convergence is investigated. Numerical examples are given to illustrate
the performance of the discrete GPG algorithm.
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1. Introduction. Band-limited signal interpolation (or sampling) and extrapolation have
many applications in both mathematics and engineering, including radio astronomy, radar tar-
get detection, geophysical exploration, medical image processing, and communication theory.
The Shannon sampling theorem provides a signal interpolation formula from discrete samples
of a band-limited signal if the sampling rate is above the Nyquist rate. In the ’70s, Papoulis
[14] and Gerchberg [9] developed an algorithm for extrapolating a band-limited signal outside
a known interval. There have been many extensions and modifications of these two funda-
mental signal interpolation and extrapolation schemes [3], [4], [11], [15], [18]-[22], [24],
[28]-[32]. However, all of them were derived from the Fourier transform viewpoint. Wavelet
theory has been extensively studied for the last several years [5], [6], [8]. It provides various
attractive multiresolution bases for signal representation with a good time-frequency local-
ization property. In particular, if the scaling function is chosen to be the sinc function, the
corresponding wavelet subspaces are those formed by band-limited signals. By extending the
Shannon sampling theorem for band-limited signals, Walter [23] derived a general sampling
theorem applicable to signals in wavelet subspaces. In this research, we are interested in
generalizing the Papoulis—Gerchberg (PG) algorithm from band-limited signals to signals in
the wavelet subspaces.

Let us use the following two simple examples to illustrate the nature of the extrapolation
problem. Consider first the Haar wavelet, where the scaling function ¢4 () = x[0,1)(), which
is 1 when 0 <t < 1 and O otherwise. The wavelet subspaces

k (k+1)

Vi = {f(t) : f(t) is constant in each interval [2—1 57 ) ke Z] , where j € Z,

consist of piecewise constant functions on intervals of length 27/, For a signal f(¢) € V;,
even though we know that the values of f(¢) in interval [k /29, k1 /27), where ko, k; € Z and
ko < ki, there is no unique way to extend f (¢) outside the interval. Second, consider the sinc

wavelet as mentioned earlier where ¢; = %ﬁ and the wavelet subspaces V; are

*Received by the editors October 8, 1992; accepted for publication (in revised form) October 21, 1993. This
work was supported by the National Science Foundation grant NCR-9205256, the National Science Foundation Young
Investigator Award ASC-9258396, and the Presidential Faculty Fellow (PFF) Award ASC-9350309.

TDepartment of Electrical and Computer Engineering, Air Force Institute of Technology, AFIT/ENG, 2950 P
Street, Wright-Patterson Air Force Base, Ohio 45433-7765 (xxia@laplace.afit.af.mil).

tSignal and Image Processing Institute, Department of Electrical Engineering-Systems, University of Southern
California, Los Angeles, California 90089-2564 (cckuo@sipi.usc.edu).

$Communication Science Institute, Department of Electrical Engineering-Systems, University of Southern Cal-
ifornia, Los Angeles, California 90089-2565 (zzhang@chief.usc.edu) .

50



Downloaded 01/26/14 to 132.174.255.3. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SIGNAL EXTRAPOLATION IN WAVELET SUBSPACES 51

V; = {f() : f()is 2w band-limited}.

For this case, any f(¢) in V; is an entire function [2] so that it can be uniquely determined by
its arbitrary piece. One such extrapolation procedure is in fact provided by the PG algorithm.
An important focus of this research is to study the convergence of the generalized Papoulis—
Gerchberg (GPG) algorithm and the uniqueness of the extrapolated signal. Several sufficient
conditions on signals and wavelet bases for convergence and uniqueness will be given in §§3
and 4. To implement extrapolation numerically, we propose a discrete GPG (DC PG) algorithm
which extrapolates a scale-time limited sequence.

This paper is organized as follows. In §2, we briefly review the PG algorithm for
band-limited signals and basic results of wavelet theory. We consider the extrapolation for
continuous-time signals in §3 and give some examples in §4. We then focus on the extrapola-
tion for discrete-time signals and establish a connection between the continuous and discrete
cases in §5. Some numerical examples are given in §6.

2. Preliminaries. We briefly review the PG algorithm for band-limited signal extrapola-
tion and orthogonal wavelets in this section. The following notations will be used throughout
this paper. The L2(R) denotes all real square integrable functions (or signals) defined on R.
For D > 0, the L?[—D, D] denotes all signals f(¢) defined on [—D, D] satisfying

D
/ |f()*dt < 0.

-D

Let (, ) and | - || denote the inner product and the norm on L2(R), i.e.,
o0
(f. 8) =[ fDgWdt,  where f(1), g(t) € L*(R),
—00

and || f||?> = (f, f). Similarly, we use (, )p and || - ||p to denote the inner product and the
norm on L?[—D, D). For f(t) € L>(R), we define

flw) = / fhe "eds

to be the Fourier transform of f(z).

_ 2.1. ThePGalgorithm. Asignal f(¢) is said to be £2 band-limited if its Fourier spectrum

f(w) = 0for |w| > Q. Let f(#) be 2 band-limited and f (¢) be given for |t| < T with T > 0.
The question is to recover f(¢) for [t| > T. Define two projection operators Pr and Pgq as
follows:

| f®, 1 <T,
PTf(t)—[ 0. =T,
and
2| fl@), o<,
P“f(“’)_[ 0, lolze,

where Pr and P act on signals in the time and frequency domains, respectively. Let F and
F~1 be the Fourier transform operator and its inverse, respectively, and let I be the identity
operator. Then, the PG algorithm is defined by the following iterative procedure.
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PG ALGORITHM.
@1 o0 =Prfo.
Forl=0,1,2,...,
@2 fEP0 = Prf() +U = PF T PFFO).

This can also be written as

2.3) f*P0 = Prf®)+d - PDPEFOW),

where P® & F-! PoF, which can be viewed as the orthogonal projection from L?(R) onto
the 2 band-limited signal space.

In [14], it was shown that || f — || converges to 0 as / goes to co. For the generalization
and discretization of the PG algorithm for band-limited signals, we refer to [4], [10], [18]-[22],
[24], [28], [30]-[32].

2.2. Orthogonal wavelets. We focus on real orthogonal wavelets in this paper, and refer
to [5], [6], [8] for more detailed discussion. Let ¢ (¢) be a real scaling function such that, for
a fixed arbitrary integer j,

{$ix(Dlkez,  where i (t) = 2/%¢ (27t — k)

is an orthonormal basis of the wavelet subspace V;, and {V;};cz is a multiresolution approx-
imation of L2(R), i.e., V; C Vj41 and W = L?(R). The wavelet function corresponding
to ¢ (t) is denoted by v (t) and ¥ (1) = 2//2y(2/t — k). The associated quadrature mirror
filters can be expressed as

24 H(w) = the-—ikw and G(w) = nge—ikw’
k k

where g, = (—1)*hy_,
$Qw) = H)p(), and ¢ Qw) = Gw)d().

Then, we have

@.5) FO= " Y by

Jj=—00 k=—00

for any f(¢) € L>(R) and

o0

(2.6) fO= Y crubn® = D b

k=—00 Jj<J k=—o00
for any f(t) € V;, where b = (f, ¥jx) and ¢y = (f, dsi). Let P’ denote the orthogonal
projection operator from L?(R) onto Vy, i.e., forany f(t) € V;,

00

@7 Plry= Y cradpu®.

=—00
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The b in (2.5) are called the wavelet series transform (WST) coefficients of f(¢), and
(2.5) provides the inverse wavelet series transform (IWST) of bj ;. On one hand, the WST
coefficients b; x with j < J can be obtained from coefficients c; x by the recursive formulas:

Cj1k = V2 X, hnakCin,
bji—1x =23, 8n-2uCjn

forj=J,J —1,J —2,.... On the other hand, we have the following synthesis formula to
compute coefficients c; x from c, x and b; ; with Jo < j < J via

2.9) Citln = V2 (Z hp_2kcjx + Z gn—2kbj,k>
3 3

forj =Jo,Jo+1,...,J — 1. By viewing c; , as a sequence x[n], we call (2.8) the discrete
wavelet transform (DWT) of the sequence x[n] and (2.9) the inverse discrete wavelet transform
(IDWT) of coefficients cy, x and b; ;. By using the orthonormality of the wavelet basis, one
can prove that both DWT and IDWT preserve energy.

(2.8)

3. Extrapolation of continuous-time signals. We examine the extrapolation for contin-
uous-time signals in wavelet subspaces in this section.

3.1. The GPG algorithm. Let f(t) € V;, for a fixed integer J. Given the value of f(t)
for |t| < T (T > 0), we are concerned with the determination of the value f(¢) for |¢| > T.
We propose the following GPG algorithm for extrapolation.

GPG ALGORITHM.
3.1) fOw =Prfw.
For/=0,1,2,...,
(3.2) @y = Prfey+ U - PP O,

where P’ is the projection operator defined in (2.7).

Note that the above iterative procedure reduces to the standard PG algorithm (2.3) if
@) = 812_;” as shown below. For this case, f(t) € V; implies that f(t) is 2/ 7 band-limited
and P’ = F1PoF = P® with Q = n2’.

The GPG algorithm has the property that it reduces the error energy during the iteration
process. To see this, we know from (3.2) that

Y@ - f0 =U - PP O - H@)y=U - PHP (f' = H®)
for f(t) € V;. Therefore,

1D — fll < =PRI INFD = £l < 1FP = £

3.2. Convergence and uniqueness results. We say that a signal f(¢) can be uniquely
determined in a signal set S fromits segment f () defined oninterval [A, B}, ifany f(¢), g(¢) €
S with f(t) = g(¢) fort € [A, B], implies f(t) = g(¢) fort € R. In this subsection, we will
perform some theoretical study on the convergence of the GPG algorithm, the uniqueness of
extrapolated signals, and their relationship.

We first focus on the convergence issue. To do so, results from operator theory [16] are
needed. Let us define
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(33) 06, D= Y pls—kp—k, (s,1)eR
k=—00

and

34) 0,65,0 227025, 270 = Y bn()one).

The definitions (3.3) and (3.4) also appeared in [23], where Q (s, t) was called the reproducing
kernel (RK) for the reproducing kernel Hilbert space (RKHS) V;. In particular, when ¢ (¢) is
equal to the sinc function, it is known that

_sin2’n(s —1)

QJ(S’I)“ JT(S'—'t)

which is analytic in R2. When the decay of ¢(¢) satisfies |¢(t)] < O(1 + |¢|°3+€)~! for
some € > 0, Q(s, t) in (3.3) is always finite for all real s, ¢. In what follows, we assume that
Q,(s, t) is continuous in [—T, T]? and finite in R?.

Some basic results are summarized below (see [16]). The following operator defined
from L2[—T, T]to itself,

T

QJ g(t) = /Tg(S)QJ(s7t)ds’ t e [_T7 T]’

is completely continuous and symmetric. We use A; and ®,(¢) to denote the eigenvalues and
normalized eigenfunctions of operator Q, and arrange |1;| in a descending order, i.e.,

(3.5) Qi (t) = M Di (1), te[-T,T]
fork=0,1,2,..., where f_TT |®e(?)|?dt = 1 and 00 > [Ag| > |Aq| = - --. Then, {®;(t)}x
is an orthogonal basis of the range space Q; (L?[—T, T1) of operator Q; so that we can write

Qg =) lg, ®u)r®i(), 1e€[-T,T), VYg@ elL[-T,T)
k=0

Moreover, if all eigenvalues A; are not zero, {®,(¢)} is an orthonormal basis of L?[-T, T]
so that we have

o0

¢ = (g, ®r®ue), 1e[-T.T], Vg@) e LT, Tl
k=0

Now, let
K={k: A% #0, and k€{0,1,2,...}}.

For k € K, we can extend ®,(¢) from [T, T] to R via (3.5) as
1 T

(3.6) a0 =1 [ ®)0s6.0ds
A Jor

T
(€X) = Aik > ( f ] d>k(s)¢1n(s)ds) $sn0),

where t € R.
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In the following, the symbol ®;(¢) with k € K is always used to mean the extended one
as given in (3.6). Properties of the extended ®,(t), k € K, are described in the following
lemma.

LEMMA 1. The extended ®,(t) with k € K as defined in (3.6) are in V; and orthogonal
in L2(R), and the associated A are greater than 0.

Proof. Due to (3.7), Ax # 0 and the fact that

2

n

2
< |®elF =1 < o0,

T
f B0 (5)ds

we conclude that @, (z) € V;. To check the orthogonality of @, (t) in L?(R), we have

00 00 1 T T
f Dy, (1) Dy, (t)dt =/ / d’k,(Sl)QJ(Sl,t)dSl/ Dy, (52) Q5 (52, t)ds2
(o) —00 A'k|A'I(2 -T

T T 00
= [ / cbk,(sl)q)kz(SZ)/ Qs(s1,8)Qy(s2, t)dtdsds
Aidg, Jor Jo1 —00

for k1, k> € K. By using

f Qi(s1,1)Q4(s2,t)dt = f Z¢Jkl(sl)¢.lk1(t)Z¢Jk2(s2)¢1k2(t)dt

0 5

(3.3 = Z¢Jk(sl)¢1k(s2) = Q;(s1, 52),
3

we can further simplify the above expression to be

[ 1 T T
/ D, (1) Py, (1)dt = fT/Tq)k](sl)q’kz(Sz)QJ(Sl,Sz)dsldsz

o Ay Ay

T

1
— Dy, (51) P, (s1)dsy
Ak Jot

1 _
(3.9) N ki =k,
0, ki #k,

—~
—

)

where the equality labeled with (1) is due to the fact that {®, ()}, is an orthonormal basis of
L?[—T, T]. It is also obvious that A, > 0. 0
Consider the space

(3.10) U, & {closed linear span of {®(#)} in L2(R)} = P’ Pr(L*(R)),

generated by @, (¢) with k € K. For any g(t) = ), x a P« (t) € U;, we know from (3.9)
that

gl = Z""

keK

so that U} is a subspace of L2(R). Furthermore, since ®;(t) € V, fork € K, U; C V;. Now,
we are ready to state our first main result on the convergence of the GPG algorithm.
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THEOREM 1. Let Q;(s,t) be defined by (3.4) and continuous in [T, T1? and U, be
defined by (3.10). If f(t) € Uy, then | fO — f|| = 0asl — oo, where f®(t) is obtained
from the GPG algorithm described by (3.1)-(3.2).

Proof. We have the following representation for any f(t) € Uy,

|a|?

1) = &, (1), = )

f@) kZak (@) wherez " < 00
K keK

Given k € K and initialization f;(t) = ®x(¢), fk(o) (t) = Pr fi(t), consider the iteration

@) = Prfi) + A - PP fP).
We want to prove
(3.11) i@ — fO0) = U - Pr)A = 2)' @ (r) forl=0,1,2,....
The equality (3.11) is trivial for / = 0. By assuming (3.11) is true for /, i.e.,
() = felt) — (I = Pr)(1 — M) Oi(t)
= Qp(t) — (I = Pr)(1 — M) i (1)
= (1= (1 =2)HPk() + (1 — 1) Prdy(r),

it can be shown that (3.11) holds for / 4 1. To see this, by using (2.7) let us examine

PUEO@ = Y UL, dun)dsn®) = f £9(5)Qy (s, 1)ds

00 T
=(1- (- / Di(5)Q (s, )ds + (1 — 1) f . D4 (s)Q (s, t)ds

= (1 = (1 = 2)")Pr(t) + A (1 — ) Dy (2)
=1 - (1 =2)"Ho ).

Thus, we have
fe) = ;@) = 4 = PRI®) — (1= (1 = 1))@ (1))
= (I = Pr)(1 — \)"' @y (1),
and (3.11) is proved by induction. A direct consequence of (3.11) is

312 fO - fP0 =) alh®) - [FPO1=U - PD) Y (1 - 1)@ @)

keK keK
Therefore,
2
17— FO1R < S - a2l
keK M

To show || f® — f|l > 0asl — 0o, we only have to prove 0 < A; < 1 for k € K. The fact
that A; > O has been proved in Lemma 1. By using (3.9), we have
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1 [ r
= f |®c () dt > / |Dx ()2t =1,
e Jooo o

so that A, < 1, which completes the proof of Theorem 1. 0

Based on Theorem 1, we have the following straightforward corollary on the uniqueness
of extrapolation.

COROLLARY 1. Let Q (s, t) be defined by (3.4) and continuous in [—T, T1? and U; be
defined by (3.10). If f(t) € Uy, then f(t) is uniquely determined in U; from the values of
f@ witht e [-T,T].

Although it may not be easy to check the condition f(¢) € Uj; practically, Theorem
1 does tell us that there exists a subspace U; in V; where the GPG algorithm converges.
The observation is not only of theoretical interest but also provides an important step to the
derivation of further results.

For a kernel K (s, t) satisfying K (s, t) = K (¢, s) and

(3.13)

N
a;ajK(,t;) > 0,
=1

i=1j
where the bar denotes the complex conjugate, for any integer N > 0, any N pointst; € [T, T']
and any N numbers a;, we say K (s, t) is symmetric nonnegative definite in [T, T]*. If the
inequality in (3.13) is strictly great than O when there is at least one a; # 0, we say that K (s, t)

is symmetric positive definite in [—T, T1>. With a symmetric kernel K (s, t) in [T, T]?, we
can define an operator from L*[—T, T] to L*[—T, T] like Q;,

T
Kgkt) = f K (s, t)g(s)ds, te[-T,T].

-T
Then, K (s, t) is positive (or nonnegative) definite if and only if all eigenvalues of the operator I
are positive (or nonnegative). As an example, the kernel Q (s, ¢) defined in (3.4) is symmetric
nonnegative definite in [—T, T]* for any ¢ (¢).

The following lemma is needed for the proof of Theorem 2.

LEMMA 2. Forany f(t) € V;and k € K,

T [e9)
(3.14) fT Dy (s) f(s)ds = Ak/ O, (s) f(s)ds.

—00

Proof. We first prove that (3.14) is true when f(¢) = ¢;,(¢) for an arbitrary n.

o] 00 1 T
/ O ($)sn ()ds = f = / O, By (51

1 T 00
=5 / ®i(s") / Q,(s', )¢ sn(s)dsds’
k J-T —00

1 T
1L / NGRS

Ak
For general f(1r) € V,, since f(t) = Y, an¢sn(t) and ), la,)> < oo, (3.14) also
holds. 0
The second convergence result is stated as follows.
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THEOREM 2. If Q;(s,t) is continuous and positive definite in [—T, TV and f(t) is
uniquely determined in V; by f(t), t € [=T, T), then | f® — f|| = 0 whenl — oo, where
FO() is obtained from the GPG algorithm (3.1)—(3.2).

Proof. When Q (s, t) is positive definite in [—T, T1?, we have A, > O fork =0, 1,2,
...,ie,K=1{0,1,2,3,...}. Therefore, by using the results summarized in the beginning of
§3.2, {®x(?)}« is an orthonormal basis of L2[—T, T]. For f(t) € V;, whent € [T, T,

o0

FO =Y (f PTP().

k=0

By Lemma 2, when t € [T, T1,
f = kzo;)»k(f» D) Py (1).
Fort € R, let
fo = ki;mf, D) D4 (2).
Then, f(1) = f(t) fort € [-T, T] and

F@&) =Y (VM@ @i (1))
k=0

By (3.9), {~/Ac® (1)} is orthonormal in L?(R). Therefore, || f]|* < || f||> < oco. This proves
f@) eU,;. SinceU; C Vy, f (t) is also in V;. By assumption, we know that f (¢) is uniquely
determined in V; by f(¢),t € [T, T] so that f(¢) = f(t) for all real . Thus, f(t) € Uy
and, by Theorem 1, Theorem 2 is proved. 0

Theorem 2 tells us that if Q;(s, t) is continuous and positive definite in [T, TT?, the
uniqueness of extrapolation in V; implies the convergence of the GPG algorithm. Instead of
checking the uniqueness of extrapolation for various functions f(¢) of interest in V, individ-
ually, the following theorem says that it is sufficient to check that for the scaling function ¢ (¢)
only.

THEOREM 3. If Q (s, t) is continuous and positive definite in [—T, T1* and the scaling
function ¢(t) is uniquely determined in V; by any one of its segments ¢(t), t € [-2/T —
k,2'T —kl, k € Z, then | fO — f|| = 0asl — oo where fO(t) is obtained from the GPG
algorithm (3.1)-(3.2).

Proof. Since ¢ (t) is uniquely determined in V; by any one of the segments ¢ (1), t €
[—2/T —k,2'T — k), k € Z, ¢p;x(2) is also uniquely determined by ¢ (¢), t € [T, T] for
any k € Z. Similar to the proof of Theorem 2, ¢, (¢t) € U, for all k € Z. This implies that
V, c U;. Thus, V; = U; by Uy C V;. By Theorem 1, Theorem 3 is proved. 0

As a direct consequence of Theorem 3, we have

COROLLARY 2. Under the same conditions as stated in Theorem 3, if f(t) € V;, then
f @) is uniquely determined in V; by its segment f(t),t € [T, T].

By the definition of positive definite, if Q (s, t) is continuous and positive definite in
[—T, T1? then it is also continuous and positive definite in any [A, BPwith—T <A <B <
T. The observation implies the following corollary.

COROLLARY 3. Let Q;(s,t) be continuous and positive definite in [—T, T1%. If ¢(2) is
uniquely determined in V; by any of its segments and f(t) € V;, then | f® — f|| = Oas
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I — oo where f®(t) is obtained from (3.1)~(3.2) with [T, T] replaced by an arbitrarily
fixed [A, Bl with =T < A < B < T, and also f(t) is uniquely determined in V; by its
segment f(t),t € [A, B].

The proof is completely similar to that of Theorem 3 except replacing [T, T] by [A, B].
The details are therefore omitted. It is easy to see that the Haar wavelet does not satisfy
Theorem 3. We consider examples of wavelet bases satisfying the conditions in Theorem 3 in
the following section.

4. Examples of wavelet bases for continuous-time signal extrapolation. We first
consider a general result on scaling functions such that they satisfy the conditions in
Theorem 3.

THEOREM 4. Let ¢ (t) be a scaling function. If its Fourier transform satisfies

@ dor={ g ol om

where a and b with a < b are two positive constants and a + b < 2, then it satisfies the
conditions in Theorem 3. That is, Q (s, t) is continuous and positive definite in [T, T1* and
¢ (2) is uniquely determined in V; by any one of its segments ¢(t), t € [—2/T —k,2/T — k],
keZforanyT > 0.

Proof. We know from (4.1) that ¢ (¢) is band-limited. Therefore, ¢ () is uniquely deter-
mined in V; by any one of its segments ¢ (¢), t € [—2/T —k,2’T —kl,k € Zforany T > 0.
To prove Theorem 4, we only need to prove the positive definiteness of Q (s, t) in [T, T1?
for any T > 0. Without loss of generality, we assume J = 1. Thus we need to prove that
Q(s, t) is positive definite in [—T, T)? forany T > 0.

Let g(t) € L*[—T, T] so that

T
/ g2()Q(s,t)ds =0 VYtel[-T,T].
T

That is,

o0 T
4.2) Z / g(s)p(s —k)dsp(t —k) =0 Vte[-T,T]
T

=—00

Since ¢ (¢) is band-limited, the function

o] T
> f 8P — kst k)

=—00 Y ™

is also band-limited with variable ¢. Equation (4.2) implies that

0 T
Z/ g()¢p(s —k)dsp(t —k) =0 VteR.
T

k=—o00 Y~

Since {¢ (¢t — k)} is an orthonormal basis of Vj,

T
/ g)p(s —k)ds =0 Vkel.
-T

Then, we have

00 T
> / g()p(s — k)dse™™ =0 Vw R,
-T

=-00
or
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T [’
43 —k)e*°ds =0 Vw eR.
“4.3) /_Tg(s) Z o (s — k)e*ds w €

k=—00
We now examine what Y _pe._ . (s — k)e'*® is.

20 . 1 & © . .
Z (s — k)etkw — _2; Z fw¢(wl)ezw1(s—k)dwletkw

k=—00 k=—00Y ™

© 1 O .
___/ ¢((U1) 5; Z elk(a)—(z)l) elwlsdwl
—00

k=—00

= /oo q§(a)1) ( Z §(w—wy + 2k7r)> e dw,
—00 k=—00

20 ~ .
= Y $lw+ 2km)e'@rHms,

k=—00

Thus, by (4.3), we have

T o]
/ g(s) Z H(w + 2km)e! @r*Ds4ds =0 Vo eR,
~T

k=—00

or

00 T
(4.4) > bl + 2km) / g(s)e@t* Mg =0 Vo e R.
-T

k=—00

For |w| < am, by combining (4.1) and (4.4), we have
T .
/ g(s)e'”ds = 0.
-T
Let

T
grw) = ng(s)eiw‘ds.

We have gr(w) = O for all w € R, since it is time-limited. This implies that g(s) = 0
for s € [—T, T] almost surely and that Q(s, t) is positive definite in [T, T]* for any

T > 0. 0

We give some examples satisfying the conditions in Theorem 4 and, therefore, the con-

ditions in Theorem 3 below.

Example 1 (The sinc wavelet). It is clear that the sinc wavelet satisfies the condition in
Theorem 4. The well-known convergence result of band-limited signal extrapolation is in fact

a special case of Theorem 4. 0
Example 2 (The Meyer wavelets). Define ¢ (¢) by

R 1, | < 37,
¢(@) =1{ cos(Gv(Zlwl = 1), 3m <lo| <37,
0 otherwise,

where v is a real function in C¥ or C* satisfying
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0, ifx<O,
4.5) v(x) = { 1, ifx>1,
and
4.6) vix)+v(l—x) =1, x € R.

Clearly, the Meyer wavelets satisfy the condition in Theorem 4.

Example 3 (The cardinal Meyer wavelets). The function ¢ (¢) is called a cardinal scaling
function and ¥ (¢) is the associated cardinal wavelet if they satisfy the properties given in §2.2
and

1, n=0,
.7 on) = { 0, n=x+1,42,....
It is clear that condition (4.7) is equivalent to
© ~
(4.8) Y dw+2nm)=1 VYweR
n=—oo

For more details about cardinal wavelets, we refer to [1] and [27].
In the following we construct real and cardinal Meyer wavelets as follows. We define

¢ (1) by

1, lo| < 2,
1 imv(Zw-1) 2 4
. 2(1+e 2 ), 5T <w <37,
4.9) $(w) = o
! (l - e”"’(ﬁ(“"“z")“l)) , —im <o < -3,
0, lw| > 37,

where v(x) is as in Example 2.

We first show that ¢ (¢) is real. To do so, it is enough to show $(w) = (13*(-—(0) for all
real w. For ¢ (¢) with (4.9), it is enough to show $(w) = $*(—w) for %n <w< ‘—3‘71. When
2 <w < im,

—

o—imV(E (—wt2m)— 1))

—mv(2——w))

(=
~

IS
>t\)]»—[\.)]»—l\)|’—‘t\ﬂ'—‘

A~~~ N N
—

1— —171(1 v(— 1+2"w)))

(1 _|_eurv(2 w— 1))

= ¢(w)s

where step (1) is from (4.6). This proves ¢ (t) is real.
We now prove that ¢ (¢) is a scaling function. To do so, with the definition (4.9) of ¢ ()
and the results from [8] and [13], we only need to show

(4.10) Z |p(w+2n7)P =1 VweR.

n=-—00

By using (4.9), we see that to prove (4.10), it is enough to prove that when %n <w< %‘n,
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IB@P + ¢ —2m)P = 1.
This is achieved by noticing that

b = 1 (14 emdon),

and
A 1 .3
_ N _ Simv(Go-1)
bw—2m) =3 (1 PLe: ) .

To see that ¢ (¢) is cardinal, from (4.8) it is enough to show

4.11) Z dw+2nm)=1 VYoweR.

n=-—00

Equation (4.11) can be proved in a similar manner as that of (4.10).

To conclude, ¢ (¢) with (4.9) is real, cardinal, and band-limited. Clearly, ¢ (¢) satisfies the
condition in Theorem 4 and therefore the conditions in Theorem 3. Since dS(w) has the same
regularity as that of v, ¢ (#) may have fast decay when ¢ goes to infinity. As mentioned in [8],
a candidate of v(x) in (4.9) is

(4.12) v(x) = x*(35 — 84x + 80x% — 20x3), O<=x <,

which has C*¢ regularity. For more about Meyer wavelets, we refer the reader to [8] and
[13]. a

Although many wavelets as discussed above satisfy the conditions in Theorem 3, wavelets
with compact support such as the Daubechies wavelets are excluded. In the next section, we
consider the discrete-time signal extrapolation problem where the conditions on wavelet bases
for convergence are weaker than those in Theorem 3 so that Daubechies wavelets may be
included.

5. Extrapolation of discrete-time signals. We consider the discrete version of the GPG
algorithm in §3 for handling discrete-time signals. This is what we need practically. Recall
that the DWT of a sequence ¢, , = x[n] can be implemented via (2.8) for a certain integer J.
The discrete sequence c;,, is said to be (J, K) scale-time limited for certain integers J and
K > 0if its DWT coefficients (with lowest resolution Jp) satisfy that coefficients c, » and
bj_yx may take nonzero values only when |k| < K and Jy < j < J. When J and K are
sufficiently large, the (J, K) scale-time limited sequence provides a practical discrete-time
signal model.

5.1. The DGPG algorithm. Let x[n] be a (J, K) scale-time limited sequence. The
values of x[n], n € N, are given, where the cardinality |[A'| = N is finite. The extrapolation
problem is to recover x[n] for n ¢ N. Let Pyr and Py g be the following operators:

Poyin = { 4k e

and

Prodi =] Gk lkl=KandJo<j </,
PR 0  otherwise.
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Let I be the identity operator and D and D! be the DWT and IDWT operators. The DGPG
algorithm can be stated as follows.

THE DGPG ALGORITHM.
6.1 xO[n] = Pyx(n]
forl =0,1,2,...,
(5.2) x V] = Pyxln] + (I = PA)D 1Py ¢ DxP[n).

Similar to the continuous-time GPG algorithm, it can be shown that the error energy of the
DGPG algorithm is monotonically decreasing, i.e.,

S Ol —xml? < Y xPlml - x[n? 1=0,1,2,....

5.2. Convergence and uniqueness results. To show the convergence of the DGPG al-
gorithm (5.1)—(5.2), some tools are needed. We introduce two operators H and G related to
the quadrature mirror filters H (w) and G (w) in (2.4) as follows:

Hy(K12 V2 huyylnl,  and  Gyk] =2 gaaylnl.
n n
Let H* and G* be their duals, respectively, i.e.,

H'Y[M 2 V2) hoaylk],  and  G'y[n] 2 V2 ) gaeylkl.
k k

Then, from (2.9), we have

x[n] = (H*cj—1x + G*by-14) [n]
= (H* (H*cj—2x + G*byj_2x) + G*by_1 ) [n]
= ((H*Y “Pcpu + H? 71G*bjoi + -+ + H*G*by_ai + G*by_14) [n].

We can rewrite the above equation as
5.3) x[n] = w,p, nelz,

where p and w, are, respectively, column and row vectors of length (2K + 1)(J — Jo + 1) of
the form

P = (s bsbssr, ..., bJ—l)T ,
w, = ((H); 7%, (H*~*7'G*),, ..., (H*G*)», G}),

and where

c]o — (c.lo,—K’ Clo,—K+1s+++ s CJO,K) )
b; = (bj,—k, bj,—k+1, -+, bjk) s
Gy =2(8-K-21, 8 K+1-2ns -+ > 8K-20)

(H*G*)n =2 (Z hn1—2ng—K—2nl» Zhn1—2ng—K+l—2n,, ey Zhnl—anK—Ztn) s
n ny n
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((H*)iG*)n = («/i)i‘*'l (Z Z - Zhn,--—Znhnj_l—an v —2n,8—K—2n,5

n na nj

E E v E hnj—Znhnj_l—an e hn1—2nzg——K+1—2np
ny n;j

ey

E § e E hnj—2nhn,-_1—2nj e hn|—2nng——2n1) ’

ny na nj

HH =330 by canbing y—any, - - Bny—am Pk 2,

np n ny-i
§ E s § hn]l —2nhnj‘_1—2njl s hnl—znzh—K+1—2n13
ny  n2 nj-1
ey
E E A § hnjl —2nhnjl~1—2n11 e hnl—-2n2hK—2n|
. n np-1

forl <j<J—Jy—1land J; =J — Jy. Now, by letting
N={m,mg....,my: m <my <--- <my},

we obtain the following linear system

54 x = Wp,
where
(5.5 x = (x[m], x[ma], ..., x[myD?T and W= (w;l,w;,z, ...,w,fm T

are known. If p can be uniquely solved from (5.4), then x[n] with n & A can be extrapolated

from x[n] with n € N. For p, we have QK + 1)(J — Jo+ 1) 2 ro unknowns. Therefore, to
uniquely determine x[r], it is required that N > ry and that the rank of W has to be ry. The
above arguments prove the following theorem.

THEOREM 5. Let x[n] be a (J, K) scale-time limited sequence. Then, x[n] can be uniquely
determined from x[n], n € N, if and only if the rank of W is ro = QK + 1)(J — Jo + 1).

To extrapolate x[n] outside N via the DGPG algorithm is equivalent to the solution of
(5.4) for p. There are two reasons to avoid solving (5.4) directly. One is that the direct
computation of W is expensive. The other is that, even though W is known, to solve the linear
system (5.4) is also expensive. We now go back to the convergence of the DGPG algorithm.

THEOREM 6. Let x[n] be a (J, K) scale-time limited sequence. If the rank of W is
ro= QK+ 1)(J — Jy+ 1), then

5.6) Z Ix(’)[n] —x[n)* > 0 asl — oo.

n=-—00

On the other hand, if (5.6) is true for all (J, K) scale-time limited sequences, then the rank of
the matrix W is ry.

Proof. When the rank of W is rp = (2K + 1)(J — Jy + 1), the DWT coefficients p is
uniquely determined from x by solving the linear system (5.4). Also, WW7 has rank rq and
is a nonnegative definite matrix. Let A;,i = 1,2, ..., N, be the eigenvalues of WW7 and q;,
i=1,2,..., N, be the corresponding eigenvectors, i.e.,
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(5.7 WWiq=xq  i=1,2,...,N,
where
M2A> 2 Ay > A1 = =Ay =0,

q; forms an orthonormal basis of C", and where C denotes the set of complex numbers. Let

()’1’ Yo, ... »yro) é WT(QI, qQ2, ..., qro)'

Since q;, 1 < i < rg, are linearly independent and the matrix W7 has rank ro, y; with
1 <i < ry forms a basis of C™. Therefore, there are r( constants a; such that

ro
p= Zai)’i~
i=1

Only q;[n] with n € A are given in (5.7). For 1 <i < rgp, we extend q;[n] from n € N to all
integers via

1

W,,WTQi, nel.
Ai

(5.8) Gilnl =

By (5.3) and (5.8), we have

o o o
(5.9) Xl =wp =W, ayi =y aw,W g =) akdln].
i=1 i=1 i=1

4

Note that the reason for proving (5.9) is similar to that for proving f(¢) € U; in the proof of
Theorems 2 or 3.
We now prove that A; < 1forl1 <i <ry. Forl <i <r,

- SN 1 & 1
a1 = D 160l == 3 waWail = D7 Wiyl
i

n=-00 i n=—00

1 r 2 1 o, 1 .

= Z_z"w ql” = EllppNQiﬂ = A—%"PN%‘H
1o

where we use the properties that both D and D1 preserve the total energy and that W’

behaves like D Py when operating on (J, K) scale-time limited sequences. Thus, A; < 1 for
1 <i < rp. Similar to the proof of the error formula (3.12), we have

(5.10) x[n] = xnl = (I - Pw) Zoa,-x,-(l — %) Giln.
i=1

By O < X; <1,1 <i <ry, and similar to the proof of the standard PG algorithm,

o0
Y xlnl = xPm]* > 0 as! — oo.

n=-—00
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This proves the first part of Theorem 6. If (5.6) is true for all (J, K) scale-time limited
sequences x[n], then x[n] is uniquely determined by x[n], n € . By Theorem 5, the second
part of Theorem 6 is also proved. g

Suppose that W has rank ry and Aj, Az, ..., Ay are eigenvalues of the matrix WWT
arranged in a descending order, i.e.,

MZA= 2 Ay > A1 = =Ay=0.
Based on (5.10), we obtain an error estimate
Ix@n] — x[n]] < O((1 = Ap))

for sufficiently large . Even when the rank of W is ry, the conventional PG (DPG) algorithm
for band-limited signals [20], [22] usually converges slowly. This is because the condition
number of the corresponding WWT is usually quite large due to the smoothness of the sinc
function. In contrast, by using suitable wavelet bases the condition number of WWT is smaller
so that a faster convergence rate can be achieved (see numerical experiments in §6).

5.3. Connection between continuous-time and discrete-time extrapolation. We ex-
amined continuous-time signals in the wavelet subspace V; in §3, where each f(¢) € V; has
the form

o0

fO=Y cndn®) =Y crup®+ Y D b,

=00 k=—00 Jo<j<J k=—00

In practice, f(¢) is small for large |¢| so that ¢, x and b; ; are also small for large |k|. Thus, it
is important to consider signals in the following subspace of V;,

Vix 2 [f(t) = Z Crabi®+ D Z by ¥k (1)

kK=—K Josj<] k=K
for some constants ¢, k, bk} -

We call signals in V; g as (J, K) scale-time limited. This explains the motivation of the
definition of scale-time limited sequences. For f(t) € V; g, we have

fo = mem = Z Crrbik®+ Y Z b (1),

Jo<j<J k=-

where

cik=A{fidm)  cupik={f,0n) bjx={f ¥j).

Since ¢ () behaves like a lowpass filter, ¢, « is close to f (k/ 27) [12], [17], [26] for sufficiently
large J. Therefore, we can replace c; ; or x[k] with samples f (k/27) and use the discrete-time
GPG algorithm to provide a good approximation for continuous-time signal extrapolation. In
[25], it was proved that the discrete-time signal extrapolation converges to the continuous-time
one when the sampling rate in the given interval goes to infinity.

6. Numerical examples. In this section, numerical examples are presented to illustrate
the theory for discrete-time signal extrapolation developed in §5. Two wavelet bases are
considered. One is the Meyer wavelet given in Example 3 of §4 with v defined by (4.12),
which is simply called the Meyer My basis. The other is the Daubechies D4 basis [7]. Note
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that the Meyer M, basis satisfies the convergence conditions given in Theorem 3 for the
continuous-time signal extrapolation while the Daubechies D4 basis does not. However,
since we perform discrete-time signal extrapolation numerically, the convergence condition in
Theorem 6 is more relevant. We show numerically the rank of the matrix W below to verify
this convergence theorem for both M, and D, wavelet bases.

6.1. The Meyer M, basis. The test signal x[n] as given in Fig. 1 is a (J, K) = (4,2)
scale-time limited signal with J, = 1, whose DWT coefficients are c;x = 0, bjx = 1.0,
1 <j <3,1 <k <5, and the wavelet basis is M4. Since the low resolution coefficients c; x
are O for this case, x[n] is in fact generated by the 15 wavelet coefficients b; ;. Thus, x[n] has
ro = 15 degrees of freedom. We consider four test cases: the values x[n] are given forn € N’
withN={n:1<n<15},{n:1<n<30,{n:1<n<42},and{n:1<n <45).

x(n)

-10 0 10 20 30 40 50 60

FiG. 1. The test signal x[n) with the Meyer wavelet My.

We use the DGPG algorithm (5.1)—(5.2) to compute x®[n] iteratively. Let ¢; denote the
2-norm of the extrapolation error at /th iteration, i.e.,

1/2
e = (Z Ix®[n] —x[n]|2> )

The convergence history of ¢; as a function of the number of iteration is plotted in Fig. 2,
where the errors remain about the same for N = 15 while the errors decrease as the iteration
proceeds for N = 30, 42, and 45.

We show the rank of the matrix W and the first 15 eigenvalues of WW7 with the wavelet
M, in Table 1. Tt is clear that the condition for Theorem 6 is satisfied in cases with N = 30, 42,
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101

error in 2-norm

T
1

| error for N=15 with dashdot line marked by o
| error for N=30 with point line marked by +
error for N=42 with dashed line marked by x
error for N=45 with solid line marked by * ]

10.2 A 1 Il
0 1 2 3 4 5 6 7 8 9 10

iterative step 1

FiG. 2. Convergence history of the 2-norm of extrapolation errors.

TABLE 1

First 15 eigenvalues of WW7 Rank of W

0.99997 0.99872 095037 0.76713  0.62626
N =15 | 031103 030700 0.24620 0.11131  0.04713 14
0.00073  0.00044  0.00009  0.00001  0.00000

1.00000  0.99906  0.95079  0.76827  0.62761
N =30 { 032933 0.31993 0.290804 0.29778  0.29363 15
0.15791  0.15750  0.10932  0.01303  0.00051

1.00000 0.99906 0.95079 0.76827 0.62761
N =42 | 032951 0.32013 0.29860 0.29792  0.29412 15
0.16446  0.16273  0.15191  0.14297 0.04114

1.00000 0.99906 0.95079 0.76827  0.62761
N =45 | 032951 032013 0.29860 0.29792  0.29412 15
0.16477 0.16428  0.15236  0.14580  0.10901

and 45 so that the algorithm converges for these cases. However, the convergence rate is quite
slow. This can be explained by the large condition number of the matrix WW7 .
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6.2. The Daubechies D, basis. The test signal x[r] as given in Fig. 3 is constructed as
the one given in §6.1 except that the wavelet basis is replaced by the Daubechies D, basis.

0.8

0.6

0.4

x(n)

-10 0 10 20 30 40 50 60

FIG. 3. The test signal x[n] with the Daubechies wavelet Dy.

The convergence history of ¢; as a function of the number of iterations is plotted in Fig.
4. One can clearly see that the errors remain about the same for N = 15, 30 while the errors
decrease significantly as the iteration proceeds for N = 42, 45. In other words, the DGPG
algorithm converges to the correct solution only when N = 42 and 45. This convergence
behavior can be explained by examining Table 2, where we show the ranks and the first 15
eigenvalues of WW for all four cases, where W is defined by (5.5). Note that the ranks of
W are equal to the degree of freedom of x[n] only when N = 42 and 45. For N = 15 (or
N = 30), there are 4 (or 1) zero eigenvalues among the largest 15 eigenvalues.

Note also that to determine x[n] outside A is equivalent to the determination of wavelet
coefficients bj 4, 1 < j < 3,and 1 < k < 5, which are all equal to 1 by design. Let bj(li be the
corresponding DWT coefficients of x(’[n]. The convergence of x’[n] to x[n] is equivalent to
the convergence of b]('i to bj . We show the values of bl(sz and b;},? ) in Tables 3 and 4. We see

that b, converge quite fast to the true values 1 of b; « for N = 42, 45. In contrast, there are 4
J.k geq Js

(or 1) bj(l i’s which do not converge to 1 for N = 15 (or N = 30) due to the zero eigenvalues
existing in the matrix WW7,

7. Conclusions and extensions. In this paper, we proposed a new iterative algorithm
which extends the well-known PG algorithm for band-limited signal extrapolation to sig-
nals in the wavelet subspaces. The convergence of the GPG algorithm and the uniqueness of
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100
10-1
102
103

104

error in 2-norm

10-5 Error for N=15 with dashdot line marked by o
error for N=30 with point line marked by +

error for N=42 with dashed line marked by x

N

10-
error for N=45 with solid line marked by *

10-7 I i 1 1 I I
0 1 2 3 4 5 6 7 -8 9 10

number of iterations

Fic. 4. Convergence history of the 2-norm of extrapolation errors.

TABLE 2

First 15 eigenvalues of WWT Rank of W

1.00000  1.00000 1.00000 1.00000  1.00000
N =15 | 1.00000 1.00000 097964 0.96402 0.11057 11
0.00065 0.00000 0.00000 0.00000  0.00000

1.00000  1.00000  1.00000 1.00000  1.00000
N =30 | 1.00000 1.00000 1.00000 1.00000 1.00000 14
1.00000 0.97843  0.79403  0.40207  0.00000

1.00000 1.00000 1.00000 1.00000  1.00000
N =42 | 1.00000 1.00000 1.00000 1.00000 1.00000 15
1.00000  1.00000 0.99793 0.97843  0.36378

1.00000  1.00000 1.00000 1.00000 1.00000
N =45 | 1.00000 1.00000 1.00000 1.00000 1.00000 15
1.00000 1.00000 1.00000 0.97843  0.72182

extrapolated signals for both continuous-time and discrete-time cases are investigated. Several
conditions on signals and wavelet bases to achieve convergence and uniqueness are described.
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TABLE 3

b®

O 1<js3,15k<5

1.08760  0.59008  0.00000  0.00000 0.00000
N =15 | 1.00013 1.00000 0.99501 0.47866  0.00000
1.00019  1.00000 1.00000 1.00000  1.00000

1.00000  1.00000 0.92549  0.15589  0.00000
N =30 | 1.00000 1.00000 1.00000 1.00000 1.00000
1.00000  1.00000 1.00000 1.00000 1.00000

1.00000 1.00000 1.00000 0.99550  0.92973
N =42 | 1.00000 1.00000 1.00000 1.00000 1.00000
1.00000 1.00000 1.00000 1.00000  1.00000

1.00000  1.00000 1.00000 1.00000 0.99954
N =45 | 1.00000 1.00000 1.00000 1.00000 1.00000
1.00000  1.00000 1.00000 1.00000  1.00000

TABLE 4

b 1<j<3,1<k=<5

1.06050 0.85387 0.00000  0.00000  0.00000
N =15 | 1.00009 1.00000 0.99722 0.64568  0.00000
1.00013  1.00000  1.00000 1.00000  1.00000

1.00000 1.00000 0.93937 0.31247  0.00000
N =30 [ 1.00000 1.00000 1.00000 1.00000 1.00000
1.00000  1.00000  1.00000 1.00000  1.00000

1.00000  1.00000 1.00000 0.99953  0.99268
N =42 | 1.00000 1.00000 1.00000 1.00000 1.00000
1.00000  1.00000 1.00000  1.00000  1.00000

1.00000  1.00000 1.00000  1.00000 1.00000
N =45 | 1.00000 1.00000 1.00000 1.00000  1.00000
1.00000  1.00000 1.00000 1.00000  1.00000

We observe from the experiments in §86.1 and 6.2 that the convergence of the DGPG
algorithm not only depends on the wavelet basis but also the length N of the observation
sequence. Roughly speaking, the uniqueness and convergence of the GPG or DGPG algorithm
depend on the smoothness of the wavelet bases. If the algorithm converges, its convergence
rate depends on the time-localization property of wavelet bases. Thus, the desired wavelet
bases might be those which are smooth and have a fast decay in the time domain. However,
a more quantitative characterization remains to be investigated. There are many interesting
topics to be studied as extensions of this work. The list at least includes: (1) to search more
wavelet bases satisfying the conditions in Theorem 3; (2) to establish a relationship between
the conditions in Theorem 3 and the one in Theorem 6 for continuous- and discrete-time
signal extrapolation; (3) to perform signal extrapolation with noisy data; (4) to investigate the
properties of the eigenvectors of the kernel Q (s, t) in §3. Since various bases can be provided
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by wavelet theory, it is believed that the proposed GPG algorithm should have many potential
applications in signal recovery.

Acknowledgments. The authors are grateful to the referees for their patience, encour-
agement, and valuable suggestions. Especially, one referee pointed out that the space U; in
(3.10) is identical to the range space P’ Pr(L2(R)), which helps to simplify the Jerivation
in §3.
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