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Abstract —  Performance of the output signal-to-
interference plus noise ratios (SINRs) and bit error rates
(BERSs) of the maximum ratio combining (MRC) multi-
stage minimum-mean squared error (MMSE), minimum
output energy (MOE), best linear unbiased estimator
(BLUE) and maximum likelihood (ML) receivers are an-
alyzed for direct-sequence code-division multiple access
(DS-CDMA) systems in multipath Rayleigh fading chan-
nels, based on the common multistage structure proposed
in [1-3]. The SINRs of these receivers are proved to
be monotonically increasing with the number of applied
stages. The upper bound of output SINRs and its achiev-
ability conditions are also provided, which are shown to
form the condition for the occurrence of BER floors of
the multistage MRC MMSE/MOE/BLUE/ML multiuser
receivers. A rule for selecting the number of stages is thus
provided to take full advantage of the multistage structure
of these receivers.

I. INTRODUCTION

Reduced-rank linear filtering based on the multistage Wiener
filtering (MSWF) [4] for interference suppression of direct-
sequence code-division multiple-access (DS-CDMA) systems
has been studied for additive white Gaussian noise (AWGN)
channels in [5]. A random-code analysis for the steady-state
output SINR of the reduced-rank MSWF was conducted in [6]
for AWGN channels. An important feature of the MSWF is its
achievement of performance comparable to the full-rank out-
put signal-to-interfercnce plus noise ratio (SINR) with relative
few stages. Based on the concept of MSWE, a class of lin-
ear multistage (MS) receivers based on minimum mean square
error (MMSE), minimum output energy (MOE), best linear
unbiased estimation (BLUE) estimators/dectors and the max-
imum likelihood (ML) detector were developed in [1-3] for
multiuser detection in multipath Rayleigh fading channels.

Important questions to answer regarding multistage mul-
tiuser detectors are whether the SINRs increase with the num-
ber of applied stages and whether the SINRs are performance-
limited due to multiple access interference (MAI). If the an-
swer to the latter is affirmative, can we established the con-
ditions for avoiding.the-MAI limiting performance? To ana-
lyze these questions, we will first establish the monotonically
increasing properties of SINRs of maximum ratio combining
(MRC) MMSE/MOE/BLUE/ML filter banks (FBS). We de-
velop upper bounds for the output SINRs; the condition for
achieving these bounds will also be given. Using these results
and the relationship between SINRs and bit error rates (BERs),
the analysis of BER floors of the aforementioned receivers will
be conducted for DS-CDMA systems in multipath Rayleigh
fading channels. Finally, a simple condition for checking the
existence of BER floors and a rule for selecting the number of
applied stages for these multistage receivers is developed.

II. SYSTEM MODEL
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A standard model for asynchronous DS-CDMA modulated
with binary phase shift keying (BPSK) is considered in this pa-
per. Assume the maximum path delay for each user is less than
one symbol interval T;. After pulse matched filtering and chip
rate sampling, the discrete-time received signal vector y ob-
tained by collecting N consecutive samples, (N is the spread-
ing gain), is given by [7]

K
y(m) = ) [Sk+Axli(m)by(m)
k=1
+Sk— AL (m)br(m — 1)] + n(m), (1)
where K is the number of users, Ay, = diag([Ag1, ..., AkL,))
Skt+ = [sz'l,...,s;&k], Sk = [Sg1r---»Sgg, ] and Iy =
[Yh1s--+>7kL,]T. The number of paths of user k is L, Ag

is the amplitude of the signal on path [ of user &, sk+, and s;;
are the partial spreading codes corresponding to the current bit
b(m) and the previous bit b(m — 1) over the sampling inter-
val, respectively. The filtered noise vector n(m) is complex
Gaussian distributed with zero mean and covariance matrix,
Nyl Finally, the discrete-time fading process i, (m) over the
sampling interval T is a complex zero-mean Gaussian process
that satisfies E{7;111 (m)'y;w,? (m)} = (5(]61 — k2)6(l1 — 12),
with the autocorrelation of two adjacent samples defined as
p = E[vf,;, (m)Yg,1, (m — 1)]. The received signal can also
be expressed as,

y(m) = SipAiTi(m)by(m)+1T1(m),
K
where I; (m) = Z[Sk-f-Aka(m)bk(m)
k[:(2
+ Y Sk_ AyTk(m)bi(m — 1)] + n(m)2)
k=1

The interference vector I; is the aggregate of MAI, inter sym-
bol interference (ISI) and the complex Gaussian noise, with
auto-covariance matrix defined as C; = E(I,I#1). The vector
I; is also complex Gaussian distributed because S+ and Sy —
are deterministic and I';; is a complex Gaussian vector. For
simplicity, we use L to denote L; in the remainder of this pa-
per, which is the number of the resolvable paths of the desired
user’s channel.

I1I. COMMON STRUCTURE FOR INTERFERENCE
SUPPRESSION
It has been shown in [1-3] that the MS MMSE/MOE/
BLUE/ML FBs share the same multistage structure for inter-
ference suppression modulo distinctive output scaling matri-
ces as seen in Fig. 1. The method for forming the multi-
stage filters and the corresponding matrices va *L and B; =
I- HiHiH, i=1,2,---, D, of D-stage implementations can
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Fig. 1. The common structure for the D-stage MMSE-based multiuser
receivers in multi-path fading channels. The output scaling matrix is
A UFE[" for MS-MMSE-FB, A, UY for MS-MOE-FB, AT 'U? for

MS-BLUE-FB and A, U¥ Fl_I for MS-ML-FB. The objective of estimation
isT1by.

be found in [1]. The filters’ soft outputs can be represented
with a common form:
z; = wTy= Ci[dl - rflle;llyl]

i € mmse, moe, blue, ml, 3)
where d; = Hffy and y; = By, ry,d, = E(yldf{)
is the cross-covariance matrix of y; and d;. The matrices
Ryg, and Ry, are the covariance matrices of d; and yi, rc-
spectively. The scaling matrices are given by: Cmse =
AUFEDY, Croe = AU¥, Cyue = A7'UTY and
Ciimse = AJUFF[!, where U; = HES, | is obtained
by applying the Gram-Schmidt process to the column vectors
of Si1,and E; = (Ra, —r ; Ry q,).

The matrix F; = E[HH{T, - ofB,I)(HFI -
wi'B1I)7], where wi = Ry Tipi1g, = Rylry,q, is an
MMSE fiiter bank as shown in Fig. 1. Physical, F; is the
autocorrelation matrix of the residual interference in the sig-
nal space, Hy, filtercd by w;. The signal subspace, H;, is an
orthonormal space spanning the column space of matrix Hj,
and B is the orthonormal complement of H;, spanning the
row space of an appropriated selected B .

The matrix E; = E(e,ef?), [¢f Fig. 1], is the error corre-
lation matrix, where

E: =F, + U, A{UY, @
and U; A2U¥ is the autocorrelation matrix of the projection
of 811 A; onto the signal subspace ;. The multistage struc-
ture in Fig. 1 is essentially a multistage interference suppres-
sor using filter w; .

IV. PERFORMANCE FOR OUTPUT SINRS

In this paper we analyze the performance of the multistage
MMSE/MOE/BLUE/ML receivers in multipath Rayleigh fad-
ing channels. The analysis relies on two key steps: separat-
ing the multistage implementations from the desired user’s
channel coefficients, and constructing the subspace spanned
by the multistage implementations of these filter banks. By
using the common structure for multistage implementations
and employing maximal ratio combining (MRC) for the out-
puts of the filter banks, where the decision statistic is given by
@(m) = Re(I'™(m)z(m)) [cf (3)), the dependence of per-
formance on the number of applied stages and the average of
performance over all possible channel realization can be ana-
lyzed separately. The subspace, 7;p, spanned by the multi-
stage MRC MMSE/MOE/BLUE/ML FBs is given by:

If the blocking matrix B; at each stage 4 as shown in Fig. 1 is
takentobe B; =1 - H;HY,

Tip span Tf'p = [Hi| Hy| ... |Hp] = [H;|HyL]. (5)
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Details of the proof are in [1]. To indicate the humber of ap-
plied stages, the E; term [cf. (4)] corresponding to the D-
stage transformation using Tz, is denoted as S p, and can be
expressed as, [1]
Sp = HYRH, - HRH, , (H RH,, ) 'H/ RH,, (6)
where the steady-state R = E(yyH) is given by

K

R =) Si AISH, +5,_AISE + NoL
k=1

Q)

The F; term [cf. (4)] corresponding to the D-stage implemen-
tation is given by Fp = Sp — U; A2UH,

Now, we give the sulficient condition for the equality of the
output SINRs of the MS MMSE/MOE/BLUE/ML receivers in
multipath Rayleigh fading channels.

Proposition 1:

For the D-stage MRC MMSE/MOE/BLUE/ML-FBs, if
A1U{IU1A1 = Kle, K1 2 0 and SD = K:ZI, K9 Z K1,
then

L > SINRymse = SINRmoe = SlNRblue = SINRmh

®
where the output SINRs are quoted from [1-3] as follows.

SIN Ropmse = tr(A;U¥STIU, A} )

SIN Rpnoe = %&% (10)

SIN Rutwe = muman=résuan=m an
SINRm,'= tr?[A UFF U A (12)

tr[A UTF U A +(A  UXF MU A 2]

For multipath case, it is unlikely that Sp (6) and
A, UHU, A, are diagonal matrices. Note that S14 is a func-
tion of the spreading sequence and the path delays of the de-
sired user. Having A;UFUA; = A8 SILA) = miI
implies that the column vectors of S1 are orthogonal to each
others, since A; is a diagonal matrix. Thus the equality is
unlikely to hold in practice. However, Corollary 1 gives a sit-
uation where the equality holds naturally.

Corollary 1:

For the multistage MRC MMSE/MOE/BLUE/ML receivers in
flat Rayleigh fading channels

SINRymse = SINRmoe -
Proof:
In flat fading channels, A;, U; and Sp are scalars (I = 1).
Thus, by (4), Sp = Ky > U AU = k,;. According to
Proposition 1, the equality holds for any spreading sequence
Si+ of the desired user.

From (10) to (12), it is clear that the output SINRs are all
related to the kernels of Kynmse = A;UHSTIU;A; and
Ky = AlUfnglUl A;. In Section VI, these kernels will
also play important roles in the BER analysis of the afore-
mentioned filter banks. To investigate the properties of output
SINRs and BERs with respect to the signal power, it is neces-
sary to show that the eigenvalues of this kernels are monoton-
ically increasing with the desired user’s power.

Proposition 2: Ignore the sclf induced 1ISI, ie. assumc
S;_ = 0. Giventhat a; > o and define )\?(i), ji=1---,L,
being the eigenvalues of Kg, 8 = {mmse, ml}, with ampli-
tude matrix o;; A, 1 =1,2.

Then M) (1) > X)(2), Vj, V4.

V. CONVERGENCE ANALYSIS OF OUTPUT SINRS

SINRpiye = SINR,,;. (13)
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For multistage implementations, a key question is whether ad-
ditional stages yield an SINR improvement and if so, can the
improvement be quantified? For ML filterbanks, the average
SINR is computed as the trace of K,;;; = AlUf{FBIUl A=
QA rQH [3]. For the other three filterbanks, the evaluation of
the average SINRs is intractable. However, the output SINRs
can be determined [3] from (9) to (11) where it is clear that the
output SINRs are functions of K,mse = A{UFSEIUL A,
QAQFH. Thus answering the question of interest boils down to
characterizing the properties of A and A g, which requires the
exploration of the structure of A—IU{{SB1 U, A; as afunction
of the number of applied stages.

Given that A; and S; are fixed, U; is a constant matrix.
The evolution of the output SINRs, as a function of the num-
ber of stages, depends solely on the evolving structure of SBI
given by

Sp' = [Ra —UJ[Ry, — U [Ry;---UP_ [Ryyp_,
— UBRZ!UpI 'Up_i] ™07 U] T (14
where E(y;—1df ;) = H;U;, i € {2,---,D}, can be ob-

tained by a QR factorization. Recall the structure of the
MSWF [2,4]. We prune the filter bank at stage ¢, 1 < D, the
pruned portion from stage ¢ + 1 to stage D forms a reduced-
rank MMSE filter bank w; which minimizes E||d; — wfy;||2.
The corrcspondmg error correlation matrix EZ = E d; —
wiy)(d; — wFy;)"] is equal to (Rq, —~ ysd;Ry; Ty.di)»
with Ep = Rg,, for the last stage and SINRypsp =
tr(Aq UfSBlUl A1), (¢f (9), where Sp replaces E; for the
D-stage implementation). Therefore, the output SINR of fil-
ter w;, denoted as SINR: is equal to tr(UFE;'U;),
2<i<D-1 = [Ry, —

mmse’

U Similar to (14) for Sp, E;

UE [ [Rap, = UgR;;UD] - )U;41]. Therefore, E;
possesses a recursive structure:

Ei =Ry - ULEUip] i=1,-,D -1 (15)
with Ep = Ry,. The implication of this structure can be

clearly seen for flat Rayleigh fading channels.

Let a; denote Uf’ U, and B; denote Ry, for the scalars
resulting from the flat fading case. The output SINR of the
matched-filter H;, denoted by SINRE, #» at each stage ¢ can
been shown equal to %} The output SINR of the MMSE filter
w; constructed with stage i to stage D is equal to

i @;
S[NRmmse - 6 - SINR;‘Y‘I‘,—#LSE
where, for the last stage, SINRE _ is simply equal to
SI NRD = 2. We observe that the improvement in the
MMSE output'SINR over that of the matched-filter is given
by the subtraction of SINR:TL  from the denominator of
SINR? mf- As aresult, the output SINR of the multistage
MMSE receiver over a flat Rayleigh fading channel can be
expressed as a continued-fraction of the form

SINRpmee = ———2 = &

Bi— %% Sp’

(16)

amn

Pp

where oy = A, U{{UlAl. Note that «; and Sp are both

scalars in this case.

! For the convenience of analysis, we have made A; explicit in expressing
the the cross-correlation E(yd® ) = H1 U A of the first stage, where d =
T'1by. Forstage 2 to stage D, E(y;—1d/l ) = H;Uj,i € {2,---,D}.
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For scalar cases, it is clear from (17) that the output SINR
increases with additional stages. For multipath fading chan-
nels, we need to show that the eigenvalues of A increase
with the number of stages. For the convenience of anal-
ysis, we define A UFS'UA, = Qi.pA1.pQY, and
A USE U A, = Qi:(p-1)A1:(p-1)Q1l(p_yy to be the
kernels, K,pmse, of the D-stage and (D-1)-stage MMSE filter
banks, respectively. The eigendecompositions of the two cases
are related as follows:

Theorem 1: Ay.p > A]_:(D—l)y 2<D<N.

For ML filter banks, define A;U{F,'UA;, =
QupAr,, Qf,and A\ URF, UA, = Qup-1)AF, 1y
Q{{( p—1) to be the kernels, Koy, of the D-stage and (D-
1)-stage ML filter banks, respectively. It can be shown that
I=(I+ Ap)(I — A), this fact can be used to prove:

Theorem 2: Ar,., > Apy,p,_,), 2< D < N.

These two theorems show that the output SINRs for
MMSE/MOE/BLUE filterbanks and the average SINR for ML
filterbank increase with the number of applied stages.

VI. LIMITING PERFORMANCE
To analyze the limiting performance of BERs, we evaluate the
relationship between BER and the SINR. Taking the MRC-
MMSE and ML receivers as examples, the moment generating
functions of their associated decision statistics can be shown
to be, [3]

Mmmse (3) =

Mm[(s)

s - det{l — S(A% — A)]det[I + g(A% + A)18)
5 - det[I — %((AF +AZ)E — Ap)]

det]I + %((AF +AZ)E 4 Ap)),

the corresponding BERs are determined by evaluating the
residual of M ~1(s) with respect to its right half plane poles.
It is clear from the above formulae that BERs approach zero if’
A=TorAr ~ 0. SinceI = (I+ Ap)I—A)and A <1,
Ar ~ o0 if A = I It suffices to check the achievability condi-
tion on the upper bound of A. If A saturates at a value smaller
than I, there will be BER floors.
Proposition 3: A = I if and only if
Fp = E[H{L -oHL)H{L - o/ H L)
= (B -olfaf )cl(H1 Hyjw) =0 (20)
Recall that Sp = UlAlUjL + Fp and AlUfISBI U,A; =
QAQF. Therefore, A = Iif and only if Sp = U, AZUL.
The conditions of this proposition to ensure thatA = I can-
not be achieved in practice. Since the dimension of w; is
(D — 1)L x L and the rank of Cy is N an w; does not ex-
ist such that Fp = 0. However, in high SNR,i.e. Ny = 0, we
see that the desired condition can be achieved.
For the analysis at high SNR, we define the rank of C; with
Ny =0as
Diny = rank(E[(T; — n)(I; — n)f)), @n
Achieving A ~ I depends on whether a filter can suppress
MALI and ISI efficiently. For linear receivers, intuitively, this
property is related to the available degrees of freedom, D g,
for suppressing interference. Recall the structure of multistage
filtering in Fig. 1. The first stage is a filter matched to the de-
sired user’s signal in no interference. The stages remaining,
from the second to the Drh stage are dedicated to suppressing
interference. We denote Dfpee = (D — 1) x L as the dimen-
sions available for suppressing interference. The achievability
condition for the high SNR regime is given by

32

(19)
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Fig. 2. BERs of the reduced-rank EGC BLUE-ML-FB vs. MRC-ML-FB.
L =2, K =10, N = 31. The top one is for EGC BLUE-ML-FB and the
lower is for MRC-ML-FB.

Proposition4: A =1if Dy,ee > Djpy and Ny = 0.

Proof: Define C; = E[(I; -~ n)(I; — n)#], then C; =

EL ] = C; + NyI. As Ny = 0, Sp can be manipulated
into
Sp = UIA%U{I + (H{{ — w{{H{IL)CI(Hl — Hu_wl). (22)
letCy = Q[ZQIILI, Y= diag(m sy UDint)’ 0< Dt <
N. Fp = (HF — wlfHF )Q,2:3:QF (H, — Hy w)).
In order for Sp = U; A2U¥ we require that HIQ; Sz —
wiHE Q:%7 = 0. For a D-stage implementation, HE isof
dimension N x (D —1)L and w; is of dimension (D—1)L x L,
Djree = (D — 1)L. Thus, H¥Q;T% is of L x Djp; and
HY Q%% : Dyyoe X Dipy. For each column of wy, there are
Dy equations for D e variables. Thus we require D ree >
Djni to solve for wy.
‘While Proposition 2 shows that the individual eigenvalues of
A increase with SNR, Proposition 4 shows that BER floors
will be incurred if Dyree < Dyyy as the resulting A < I in-
dependent of input SNR. These results show that even for the
idealized case of maximal ratio combining (the channel state
is implicitly known), BER floors can occur.

Fig. 2 illustrates this limiting performance with simulation
results for K = 10, L = 2 and D;,,; = 28. As we can see,
when Dypee > Dipy, for D=15 and for full-rank, BER floors
can be avoided for MRC schemes and performance is very
close to the single user bound. We note that for equal gain
combining, error floors always cxist. This fact is analyzed in
[3].

Fig. 3 shows the effect of achieving A = I on the BER
at high SNR. In this simulation study, the SNR, E;, /Ny is set
to 60dB such that the noise is essentially negligible. Since
L=2 for each user, D .. = 2(D — 1) where D is the number
of applied stages. The lower plot shows the effective inter-
ference dimension, D;,;, with respect to the number of users
in the system. Cross-referencing to the upper plot, we can
see that BERs jump up extremely fast whenever the condition
D¢ree — Ding > 0 is violated. These simulation results echo
the conclusion of Proposition 4, as long as a reduced-rank fil-
ter can sustain the requirement of D¢ > Dyyy, interference
can be effectively suppressed regardless of filters’ ranks in the
high SNR regime.

In scenarios where the strength of Gaussian noise is com-
parable to that of MAI plus ISI, or whenever a system is
highly loaded such that Do < Djpne, A will quickly sat-
urate with the number of stages, yielding the predicted BER
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Fig. 3. BERs of the reduced-rank MRC-MMSE-FB. L = 2, N = 31. From

left to right, D = 1, 3, 6,9, 12 and the full-rank.

floor for MRC schemes. Thus, to fully take the advantage
of reduced-rank filtering, a simple rule for choosing the num-
ber of stages is suggested: If the system is not fully loaded,
i.e. Dipt < (N — 1) x L, then choose D as low as possi-
ble to exceed the threshold (D — 1) x L > D;,;. Otherwise,
set D = 6 where A usually has saturated based on simula-
tion results. The same number of 6 was also observed in [6]
according to the results of large-system analysis.

VII. CONCLUSIONS

In this paper, we provide performance analysis for a class of
multistage filters based on several estimation strategies. The
output/average SINR is computed as is the associated proba-
bility of error. It is shown that the output/average SINR mono-
tonically increases as the number of applied stages increases.
We also show that even for maximal ratio combining an error
floor can exist if a key condition relating to interference sup-
pression is not met. A simple design rule is provided for the
number of stages necessary for good performance. We have
been able to extend our analysis of maximal ratio combining
schemes to that of equal gain combining as well [3].
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