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Abstract— Low-complexity low-rate super-orthogonal turbo
codes (SOTC) are proposed in this work to replace the implicit
repetition code (RC) in an ultra-wide band impulse radio
(UWB-IR) system to improve BER, transmission range and
system throughput. Various receivers including matched-filter
and RAKE receivers are adopted for data detection in the
additive white Gaussian noise (AWGN) channel and the indoor
IEEE 802.15.3a channel. The performance of SOTC-encoded
UWB is analyzed and validated by computer simulation. It
is shown that the SOTC-based UWB-IR system can achieve
significant performance improvement over the conventional DS-
UWB system encoded by RC.

I. INTRODUCTION

Ultra-wide-band impulse-radio (UWB-IR) is a technique
that uses very narrow low duty cycle radar-like pulses of the
order of nano seconds for information transmissions [1]. The
employment of these narrow pulses results in occupancy of
several Giga-Hertz of bandwidth. UWB-IR can be viewed
as a bandwidth unconstrained but power spectral density
(PSD) constrained system. To increase the effective energy
per symbol, multiple pulses (namely, Ns pulses) carrying the
same information symbol are transmitted. From the coding
perspective, this is equivalent to the repetition code (RC).
However, a large value of Ns reduces system throughput and
transmission energy efficiency per information symbol for a
given pulse duration. This presents a severe problem to high-
speed short-range indoor applications or low-speed long-range
low-power outdoor applications such as sensor networks. In
this work, we focus on the latter applications that have a strict
constraint on transmission energy per symbol.

Furthermore, it is well known that increasing Ns does not
provide any coding gain for RC if the SNR value (measured in
terms of Eb/N0) remains constant. Hence, more sophisticated
coding schemes are desired to replace the existing RC of
UWB-IR to improve system throughput, the transmission
range and energy efficiency. Some efforts have been made in
the past. For example, low-rate superorthogonal convolutional
codes (SOCC) [2] and an adaptive combination of turbo codes
and RC [3] were studied in the literature. In our previous work
[4], we proposed to replace the RC of UWB-IR with the
super-orthogonal turbo codes (SOTC). Being different from
the conventional turbo codes that have to correlate the received
sequence with all possible trellis branches, SOTC employs the
inverse Walsh Hadamard Transform (IWHT) in calculating
the trellis branch metrics, which results in low decoding
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complexity [5]. Moreover, we compared the performance of
the SOTC-encoded UWB system using two types of receivers,
namely, the RAKE receiver and a simple matched filter (MF)
receiver, in the AWGN and the IEEE 802.15.SG3a UWB
channels. The superior performance of the SOTC encoded
UWB system was confirmed by computer simulation in [4].
However, theoretical analysis of the system performance was
not covered in [4].

In this work, we first derive the analytical performance
bounds for the SOTC-encoded UWB system. For the medium-
to-high SNR range, the asymptotic performance bounds can
be obtained by resorting to the effective free distance of
constituent codes of SOTC. Then, since the SOTC-encoded
UWB system operates primarily at the low SNR range, we
use a semi-analytical method to analyze the system in IEEE
802.15.SG3a UWB channel without inter-symbol interference
(ISI) at low SNR. Furthermore, we investigate the effect of
Ns on system throughput, bit error probability (BEP) and the
transmission range for both RC and SOTC encoded UWB-IR
systems. Finally, analytical results are verified by simulation.

II. SYSTEM MODEL

A. Signals and Channels

Similar to [4], we consider the SOTC encoded UWB-IR
using DS-BPSK modulation in a single user scenario. The
transmitted signal is given by

s(t) =
∞∑

j=−∞

√
Eg · bj ·

Ns−1∑
i=0

aig(t − jTs − iTc), (1)

where Eg = Eb

Ns
is the energy of the transmitted waveform

with Eb being the energy per bit and aj ∈ {−1, 1} is the
j-th data symbol. ai ∈ {−1, 1}, 0 ≤ i ≤ Ns, is the pseudo-
random direct sequence code while g(t) is a Gaussian pulse
shape with

∫∞
−∞ g2(t)dt = 1. Tc and Ts are the chip and the

symbol durations, respectively where Tc in the sequel is also
referred to as frame duration. Since each information bit is
transmitted with Ns pulses, the effective bit rate or throughput
is Rs = 1/Ts = (Ns · Tc)−1.

Two channel models are considered in this work. They are
the traditional AWGN and the UWB multi-path channel spec-
ified by IEEE 802.15.3a [6]. The IEEE-802.15.SG3a channel
is a modified S-V model that can be written as [7]

hmulti-path(t) = X

N∑
n=1

K(n)∑
k=1

αn,kδ(t − Tn − τn,k), (2)

where X is the total multi-path gain and Tn is the
exponentially-distributed arrival time instance of the n-th clus-
ter. Parameters τn,k and αn,k are the exponentially-distributed
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arrival time instance and the amplitude of the k-th ray within
the n-th cluster, respectively. αn,k is defined as

αn,k = pn,kβn,k, (3)

where pn,k is a discrete binary random variable with equally
probable ±1 and βn,k is a log-normal random variable.

To maintain the overall channel gain unity, we assume X =
1 and

∑
n,k α2

nk = 1 in the sequel to take into account the
multipath energy capture without the pathloss factor. For the
IEEE-802.15.3a channel, the received signal can be written as

r(t) =
N∑

n=1

K(n)∑
k=1

αn,ks(t − Tn − τn,k) + v(t), (4)

where v(t) is zero-mean complex AWGN of variance σ2.

B. Receiver Structure

Two types of receivers are considered in this work, namely,
the MF-based receiver and the RAKE receiver. Among the
RAKE receivers, three types of receivers are examined: All
RAKE (ARAKE) that combines all the multi-paths (also
referred to as ideal RAKE), Selective RAKE (SRAKE) that
combines Ls paths with the strongest signal power and Partial
RAKE (PRAKE) that selects the first Lp paths. The correlation
mask used in the RAKE receiver can be expressed as

mcorr-RAKEj
=

L∑
l=1

ωlmcorrj
(t − τl), (5)

where {τl; l = 1, 2, · · · , L} is a subset of path delays chosen
from τn,k and ωj is the weight for the j-th multipath. The
correlation mask, mcorr(t), is given as

mcorrj
(t) =

√
Eg

Ns−1∑
i=0

aig(t − jTs − iTc). (6)

In this study, we consider an ISI-free IEEE-802.15.3a CM1
channel [6]. Let sj(t) is the signal corresponding to the
jth information bit in (1) and rj(t) be the corresponding
received signal in (4). Then, for a given multi-path delay τL,M ,
the output of the RAKE receiver corresponding to the j-th
information bit can be approximated as

ξj =
√

Eg ·
Ns−1∑
i=0

∫ (i+1)Tc

iTc

rj(t)mcorrj
(t − τL,M)dt (7)

≈ NsEgbjα
2
LM. (8)

By capturing more multi-paths, the RAKE receiver can exploit
the implicit time diversity existing in a multi-path channel.

III. PERFORMANCE ANALYSIS

We consider an SOTC scheme consisting of two recur-
sive systematic SOCCs with primitive feedback polynomials
[1, 5]oct that can be expressed as G(D) = 1 + D2, where D
isf the one-element delay of the shift register. The polynomial
representation for a rate- 1

4 SOCC can be determined as[
1 + D3

1 + D + D3
,
1 + D2 + D3

1 + D + D3
, 1,

1 + D + D2 + D3

1 + D + D3

]
. (9)

While the performance of RC is determined by its free dis-

tance, dfree-RC with BEP of Q

(√
2Ns

Eg

N0

)
, the asymptotic per-

formance of SOTC with uniform interleaver analysis depends
on the effective free distance of its constituent SOCC, dfree-eff

[8]. In the following, we first derive the effective free distance
of the constituent SOCC based on minimum weight wmin = 2.
Then, the resulting dfree-eff is exploited to obtain the asymptotic
performance of SOTC encoded UWB-IR in the AWGN and the
ISI-free UWB channels. Since the asymptotic analysis is only
applicable to the medium-to-high SNR range, a semi-analytical
bound is proposed to predict system performance at low SNR.
Finally, we analyze the tradeoff among system throughput,
BEP and transmission range for both RC and SOTC encoded
UWB-IR systems.

A. Effective Free Distance

Sinitial S final

D 0

WD2 (m-1)

WD2 (m-1)

D
2 (m-2)

m

S2 m-1+1 S 1

Fig. 1. Simplified diagram for all enumerations of input weight 2

We employ the input-output weight enumerating function
(IOWEF) to obtain an closed-form expression of dfree-eff. Thanks
to the special structure of the SOCC with orthogonal outputs,
the effective augmented state diagram can be reduced to a state
transition diagram, based on which all possible paths of input
weight 2 can be calculated for given m.

Fig. 1 shows the simplified diagram for SOCC using the
orthogonal branch metrics, where W and D are polynomials
whose degrees represent the weights of the input and the
output sequences, respectively. To calculate the enumerator
function for the minimum weight codewords corresponding
to input weight 2 and its compound error paths, we consider
a shift register with memory m. Let dm1 be the minimum
weight error sequence and dmi with i �= 1 be the compound
error sequences. We have

dmi = 2m + iεm2m−2, (10)

where i ∈ {1, 2, · · ·}. For SOCC with the primitive feedback
polynomial, dfree-eff is given as

dfree-eff(m) = min[dmi] = 2m−2[4 + εm], (11)

where εm captures the effect of the output weight increase
during the intermediate stages as a function of m. εm can be
iteratively computed by the following equation with ε1 = 0.

εm = εm−1 + 2m−1. (12)

B. AWGN Channel

The asymptotic average upper bound on BEP of a Turbo
Code in AWGN for medium to high SNR is given as [8]

Pb(e) =
N∑

w=1

WwAPCC(w,Z)|
Z=exp

(
1

Ns

−Eb
N0

), (13)
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where N is the interleaver size, w is the weight of the
input sequence and APCC is the conditional IOWEF of the
equivalent turbo code in a PCCC configuration. For a uniform
interleaver analysis, APCC(w,Z) is given by [8]

APCC(w,Z) ∼ w!
ηmax

N2ηmax−w[A(w,Z, ηmax)]2, (14)

where A(w,Z, n) is the parity enumerating function with
n-concatenated error events caused by input weight w. ηmax
is the maximum number of error events in the trellis caused
by input weight w.

For SOTC with recursive SOCC, the asymptotic performance
is determined by the parity enumerating function A(2, Z, 1)
that gives the parity weight of all possible paths generated
by input weight w = 2. Calculation of A(2, Z, 1) for a given
SOCC involves all enumerations of input weight w = 2.
Based on Fig. 1 and (11), all possible enumerations for input
weight w = 2 in the indeterminate Z can be obtained as

A(2, Z, 1) =

∞∑
p=0

Zzmin+pεm2m−2
=

Zzmin

1 − Zεm2m−2 , (15)

where zmin = dfree(m) − 2.
Using (13)-(15), we have the asymptotic BEP for SOTC

with a uniform interleaver as

Pb(e) ≤
�N

2 �∑
k=1

(
2k

k

)
N−1 (Z2+2zmin)k

(1 − Zεm2m−2)2k

∣∣∣
Z=exp

(
1

Ns

−Eb
N0

).
(16)

Thus, a large Ns increases the length of the SOTC orthogonal
outputs of the trellis branches, which is effectively translated
into a SOTC processing gain with BEP monotonic in Ns.

C. UWB Channel

To derive the asymptotic bound in UWB channels, we first
compute the pairwise error probability (PEP) of the coded
sequence. We consider turbo codes as equivalent block codes
of length M = NsN with N being the interleaver length and
ignoring the trailing bits to terminate the constituent codes
to zero state due to large interleaver length assumption. The
probability of error in a coded sequence is computed with
reference to the all zero coded sequence. Let ci be the M × 1
coded sequence with c0 as the all zero coded sequence. The
corresponding BPSK modulated codedword sequence is xi

where xi ∈ {−1, 1} and xi = 2ci − 1 with ci ∈ {0, 1}. Given
the channel model in (2) and the RAKE correlation mask in
(5), the first bit output from RAKE is given as

r0 = x0Eg

L−1∑
l=0

α2
l +

√
Eg

L−1∑
l=0

αln
0
l , (17)

where n0
l = 〈n(t), g(t − τi)〉 is the inner product between n(t)

and g(t− τi). Let ñ0 =
√

Eg

∑L−1
l=0 αln

0
l , where ñ0 has zero

mean and variance given as

σ2
ñ0

= Egσ
2

L−1∑
l=0

α2
l . (18)

where {αl} is the subset of {αn,k}.

Collecting the RAKE output of all bits of the coded se-
quence in an ISI-Free channel the PEP can be shown as

Pe(c0 → ci|α) ≤ exp

(
− Eb

NsN0
d

L−1∑
l=0

α2
l

)
, (19)

where d is the hamming distance between the pair of code-
words and α = [α0, · · · , αL−1 ]T is the collected vec-
tor of channel impulse response and L is the number of
RAKE fingers. The unconditional pairwise error probability
is Pe(c0 → ci) = Eα {Pe(c0 → ci|α)}, the closed form
expression of which is non-trivial to evaluate due to log-normal
distribution of channel amplitudes and hence we proceed with
the conditional pairwise error probability.
Let P̃e(c0 → ci|α) be the pairwise error probability in (19)
without the hamming weight d. Finally, replacing Z in (16)
with the conditional PEP P̃e(c0 → ci|α), we have the average
analytical bound on the conditional error probability

Pb(e|α) ≤
� N

2 �∑
k=1

(
2k

k

)
N−1 (Z2+2zmin)k

(1 − Zεm2m−2)2k

∣∣∣
Z=P̃e(c0→ci|α)

.

(20)
To conclude, the asymptotic performance bound in AWGN

is given by Eα {Pb(e|α)}, where Eα {·} is the expectation
operator with respect to α. Since the closed-form expression
in (20) is non-trivial, we evaluate the asymptotic upper bound
by resorting to numerical methods.

D. Semi-Analytical Bound (SAB)

The asymptotic analysis shown in Sec. III-B and Sec. III-C
is only applicable to the medium-to-high SNR value (Eb/N0)
[5]. For low SNR analysis, one can either resort to the iterative
convergence analysis using EXIT charts or the simple bound
based on IOWEF of the code. Inspired by [9], we propose a
simple but effective semi-analytic method to predict the system
performance for low SNR.

Thanks to the ISI-free assumption, the signal at each RAKE
finger undergoes an independent flat fading. From (17), we can
easily show that the effective SNR for a particular realization
of α is given by

SNReff ≈ 1
Ns

Eb

N0

L∑
l=0

α2
l . (21)

Similar to [9], we approximate the BEP value conditioned on
given α, Pe,eff (SNReff |α ), with the BEP at SNReff obtained
in the AWGN channel. Next, the semi-analytical BEP is
computed by averaging Pe,eff (SNReff |α ) over a sufficient
number of channel realizations as

Pe,SAB = Eα {Pe,eff (SNReff |α )} . (22)

By exploiting the BEP curve in AWGN together with (21)
and (22), we can easily predict the BEP performance for any
given multipath channel. However, being different from [9],
our analysis is applied to coded systems. Since coded systems
have the optimal performance in AWGN, the semi-analytical
BEP obtained in (22) corresponds to the performance upper
bound with perfect interleaving in fading channels. In the
sequel, we refer this semi-analytical bound as SAB.
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E. Effect of Ns

Here, we investigate the effect of Ns on system throughput
for a given distance and a specified BEP. The average transmit
power is constrained by the following inequality

Ptavg ≤ τd · Pmax, (23)

where τd = τg

Tc
is the pulse duty cycle with τg being the pulse

duration and Pmax =
∫ f2

f1
P (f)df is the maximum allowed

transmit power with P (f) being the power spectral density of
the frequency band over [f1, f2]. The propagation loss in the
free space is a function of distance 
 and frequency f of the
following form

L(
, f) = (4π
f)2 /c2. (24)

The average received signal power can be obtained from
(23)-(24) and reads

Pravg ≤ τd

( c

4π

)2 Pmax


2
f2 − f1

f2f1
(25)

Equating the received energy to noise ratio with the target
energy to noise ratio, we have

PravgNsTc

No(f2 − f1)
= ML

(
Eb

N0

)
target

(
1

(f2 − f1)

)
, (26)

where ML is the link margin. Substituting (25) into (26) yields

ML

(
Eb

N0

)
target

≤ τd

[( c

4π

)2 Pmax


2
f2 − f1

f2f1

](
NsTc

N0

)
.

(27)
Finally, we get

Ns ≥ 
2
(

16π2

c2

)(
f2f1

f2 − f1

)[
N0ML(Eb/N0)target

TcPmaxτd

]
. (28)

Since the bit interval time is Ts, the corresponding throughput
is R = 1/Ts = 1/(NsTc).

IV. SIMULATION RESULTS

Computer simulations have been conducted to validate our
analytical results. The SOTC decoder employs the Max-Log-
Map/Min-Sum algorithm with an interleaver of size N =
1024. Unless otherwise specified, four iterations are performed
in SOTC decoding. The BEP performance is averaged over
1000 blocks.

A. AWGN Channel

Fig. 2 shows the simulation results for SOTC- and RC-
encoded systems with Ns = 3 and 7 in AWGN. Due to the or-
thogonality of the concatenated code, the system performance
with SOTC improves monotonically with the increase of Ns.
Note that the performance of RC is independent of Ns for
a fixed Eb/N0. Fig. 2 shows that SOTC with Ns = 7 has
more than 8 dB improvement over RC at BEP of 10−6. The
asymptotic analytical upper bound computed from Eq. (16) is
also shown against the simulation results. These asymptotic
bounds are only useful in the medium-to-high Eb/N0 range
where simulation is not a practical means to measure system
performance [8].
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Fig. 2. SOTC and RC receivers in the AWGN channel.

B. IEEE 802.15.3a UWB Channel

We compare the performance of SRAKE for Ns = 3, 7
and Ls = 10 in Fig. 3. As shown in Fig. 3, the performance
of SRAKE improves with Ns. The asymptotic bounds were
obtained from (20). In contrast with the asymptotic bounds
that are only applicable in the high Eb/N0 region, the SAB
derived from (22) can accurately predict system performance
in the low Eb/N0 region.
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Fig. 3. The SRAKE performance in the UWB Channel with Ls = 10.

Fig. 4 shows the system performance as a function of
the SRAKE finger numbers for different values of Ns. It is
apparent that using more RAKE fingers for a given Ns can
capture more paths, which results in better system perfor-
mance. Furthermore, the system performance increases with
Ns. However, Fig. 4 indicates that the performance improve-
ment from Ns = 7 to Ns = 15 is much less than that
from Ns = 3 to Ns = 7. This is mainly due to the fact
that the energy per pulse for Ns = 15 is roughly half of
that for Ns = 7. As a result, increasing the same number
of RAKE fingers for Ns = 15 provides much less captured
energy than that for Ns = 7. Hence, the marginal performance
improvement diminishes as Ns increases.

C. Impact of Ns

In this experiment, we investigate the impact of Ns on the
transmission distance and system throughput based on (28).
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Fig. 4. S-RAKE system performance as a function of the finger number for
different Ns at Eb/N0 = 1 dB.

We primarily investigate the effect in AWGN with Tc = 3 ns
and τg = 1 ns for a link margin MLdb = 7.

Fig.5 shows the transmission distance as a function of Ns

for a given target BEP of 10−6 in the AWGN channel. The
corresponding (Eb/N0)target for RC are calculated from closed
form expression of BEP for RC and the (Eb/N0)target for SOTC
has been calculated from its performance curves for BEP Vs
EbN0 using semi-analytical bound. It reveals that SOTC can
achieve a significantly longer transmission distance than RC
for the same throughput (i.e., Ns). In particular, the improve-
ment increases exponentially with Ns. However, a large Ns

increases the number of trellis states, and subsequently the
memory required in decoding.
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Fig. 5. Transmission distance as a function of Ns for a given BEP=10−6.

We see from Fig. 5 that the SOTC-encoded system requires
a much smaller Ns than the RC-encoded system to achieve the
same transmission distance, which leads to higher throughput.
This effect is further magnified in Fig. 6. In the ISI-free
UWB channels, we have to increase the frame duration, Tc, to
avoid interference from the adjacent symbols. As a result, the
throughput in the ISI-free UWB channels depends on both
Ns and Tc. Fig. 6 indicates that the RC receiver suffers a
significant amount of throughput loss due to the increase of
Tc = 40 ns . For the SOTC-encoded system, the adverse
impact of a larger Ns on throughput is alleviated by the fact
that SOTC with a larger Ns has better BEP performance.
As a result, the SOTC-encoded system transmission range is
much higher than the RC-encoded system in the ISI-free UWB
channel for the same throughput and BEP.
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Fig. 6. Throughput as a function of the transmission distance in the ISI-free
UWB channel for BEP=10−6.

V. CONCLUSION

The performance of a DS-UWB system coded with SOTC in
AWGN and ISI-free UWB channels was studied in this work.
The SOTC scheme is attractive due to its low rate and low-
decoding-complexity features. The asymptotic performance
bounds for large SNR values were derived. Then, a semi-
analytic method was proposed to predict the system perfor-
mance at the low-to-medium SNR range. Through analysis
and simulation, it was shown that the SOTC-encoded UWB
system requires fewer pulses per information bit to achieve a
given BEP than the conventional RC-encoded system, which
leads to higher system throughput and/or a longer transmission
range depending upon the application constraints..
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